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IS  ABSTRACT 

This  report  is  a  unification  and  elucidation  of  theories  of  arterial  circulation  and 
is  based,  particularly,  on  Womersley's  extensive  work:  "An  Elastic  Tube  Theory  of 
Pulse  Transmission  and  Oscillatory  Flow  in  Mammalian  Arteries."  In  an  analytical 
description  of  the  arterial  circulation,  the  concept  of  a  thin-walled  elastic  tube 
filled  with  a  viscous  fluid  as  a  rough  working  model  of  an  artery  is  used.  The  repre¬ 
sentative  equations  are  linejrized  and  periodic  solutions  are  obtained  for  various 
flow  parameters  that  can  be  tested  experimentally.  The  main  topic  is  the  mode  of 
pulse-wave  transmission,  and  the  relationships  between  pulse  pressure,  rate  of  flow 
and  radial  expansion  in  the  artery.  Moreover,  the  significance  of  a  salient  non- 
dimensional  parameter  which  is  a  function  of  the  frequency,  the  kinematic  viscosity 
of  the  fluid  and  the  internal  radius  of  the  tube  is  stressed  throughout  in  character¬ 
izing  the  motion  of  the  fluid.  Some  comparisons  with  experimental  results  are  made, 
and  new  experiments  are  proposed,  as  tests  of  the  adequacy  of  the  theory. 
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SUMMARY 


The  problems  treated  in  this  report  are  those  forming  the  main  theme 
of  Womers Ley's  theory  of  arterial  circulation,  which  pertains  to  the  blood 
flow  in  the  arteries  based  upon  the  differential  equations  of  liquid  flow 
in  a  thin -walled  elastic  tube.  In  particular,  the  problems  dealt  with  are 
those  relating  to:  (1)  wave  propagation  in  the  arterial  system;  (2)  pulsa¬ 
tile  pressure  and  flow  changes  associated  with  the  wave  propagation;  and 
(3)  relationship  between  pulsatile  pressure  on  the  one  hand  and  the  ge¬ 
ometry  ani  the  physical  properties  of  the  arterial  system  on  the  other. 

Some  of  the  results  which  follow  from  the  quantitative  relationships 
of  this  theory  are: 

(1)  Changes  in  the  viscoelastic  properties  of  the  arterial  wall 
are  important  with  regard  to  wave  propagation. 

(2)  The  flow  generated  by  a  given  oscillatory  pressure  gradient 
does  not  vary  greatly  over  a  wide  range  of  changes  in  additional  tissue 
mass  and  elastic  constraints  of  the  tube. 

(3)  The  pnase  difference  between  periodic  variations  in  pressure 
and  tube  diameter  is  also  insensitive  to  a  wide  range  of  variations  in 
tissue  mass  and  elastic  constraint. 

Womersley's  work  indicates  that  the  thin-walled  elastic  tube  can  be 
used  as  a  rough  working  model  of  the  artery.  Moreover,  according  to  this 
model  a  number  of  relationships  between  observable  quantities  such  as 
flow  and  pressure  gradient,  and  between  pressure  and  tube  diameter  can 
be  deduced  and  verified  experimentally. 
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A,  A^,  Am, 

B  -  E/(l  -  o2) 
cl>  Dl»  E1 
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c 

g 


complex  constants  defining  amplitude  and  phase  of 
pressure  or  pressure  gradient,  according  to  context 
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complex  velocity  oc  wave  propagation 

velocity  of  wave  propagation  for  a  fluid  of 
zero  viscosity 
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Young's  modulus  of  tube  material 


E 
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complex  constant  replacing  Young's  modulus  when  there 
is  internal  damping  in  the  tube  wall 


E(£,m)  standard  correction  for  finite  expansion  of  the  tube, 

expressing  the  effect  on  the  average  velocity  of  the 

(A+mJth  harmonic  of  interaction  between  the  S,*-*1  and 

mth  harmonics 

E(m,0)  as  above,  for  the  interaction  between  the  nr  harmonic 

and  the  steady  flow 

E(m,-m)  as  above,  expressing  the  effect  of  the  m^  harmonic  on 

the  steady  flow 
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Fl°(a)  =  ai3/2Jo(oi3/2)' 
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2Mi(a) 
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k  =  h/R 


ratio  of  wall  thickness  to  radius  of  tube 


H  modulus  of  applied  pressure  gradient 
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radial  coordinate 
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average  velocity  across  the  tube 

average  velocity  across  the  tube  of  the  steady  stream 
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SECTION  I 


INTRODUCTION 


The  mammalian  circulatory  system  is  essentially  a  fluid  transport  system. 
An  important  part  of  this  system  is  the  arterial  tree,  which  may  be  considered 
as  a  branching  conduit  system  having  the  function  of  delivering  blood  to  the 
tissues  with  a  minimum  loss  of  energy. 

In  an  analytic  description  of  the  arterial  circulation,  the  investiga¬ 
tion  consists  in  determining  the  characteristics  of  a  system  composed  of  a 
non-Newtonian  fluid  flowing  within  a  branching  system  of  tapered,  distensible 
tubes  and  subjected  to  phasic  changes  in  pressure.  The  distribution  of  pulsa¬ 
tile  pressure  and  flow  at  various  locations  in  the  system  is  modified  by  a 
number  of  factors,  and  is  therefore  difficult  to  describe  and  predict.  Some 
of  these  factors  are: 

(1)  ,phe  transient  phenomena  due  to  the  mechanical  action  of  the  heart. 

(2)  The  branching,  tapering  and  tethering  of  the  blood  vessels. 

(3)  The  impedance  provided  by  the  arterioles. 

Application  of  mathematical  and  physical  principles  by  several  investi¬ 
gators  over  the  past  two  hundred  years  have  contributed  significantly  to  a 
better  understanding  of  the  hemodynamic  aspects  of  the  cardiovascular  system, 
the  development  of  special  instrumentation,  and  the  evaluation  of  experi¬ 
mental  records.  A  highly  useful  mathematical  approach  to  this  formidable 
problem  was  developed  primarily  by  J.  R.  Womersley  and  his  co-workers 
D.  A.  McDonald  and  M.  G.  Taylor. 

The  main  value  of  Womersley' s  work  lies,  it  is  believed,  in  its  endeavor 
to  outline  in  a  simple  manner  the  analysis  of  the  circulation  as  a  system  in 
steady-state  oscillation,  based  cn  standard  principles  of  Quid  dynamics.  The 
equations  of  state  for  both  the  blood  and  the  blood-vessel  system  are  set  up, 
the  equations  are  linearized,  and  periodic  solutions  in  the  form  of  Fourier 
series  which  satisfy  prescribed  boundary  conditions  are  developed.  In 
particular,  his  work  indicates  that  the  thin-walled  elastic  tube  can  be  used 
as  a  rough  working  model  of  the  artery,  Moreover,  from  this  model  a  number 
of  relationships  between  observable  quantities  can  be  deduced  and  tested 
experimentally.  Womersiey's  theory  does  not  take  into  consideration  signifi¬ 
cant  taper  in  the  tube  system  or  nonunQormity  of  the  physical  properties  of 
the  blood  vessels. 

The  problems  that  form  the  main  theme  of  Womersiey's  work,  described  in 
this  report,  pertain  to  the  f]ow  in  the  arteries  and,  in  particular,  are 
those  concerned  with  (1)  the  velocity  of  wave  propagation;  (2)  the  pulsatile 
flow  and  pressure  changes  associated  with  the  wave  propagation;  and  (3)  the 
pulsatile  pressure-diameter  relationships.  Moreover,  the  significance  of 


1 


a  salient  nondiv.*?nsional  parameter,  denoted  by  a,  which  is  a  function  of  the 
frequency,  the  kinematic  viscosity  of  the  fluid  and  the  internal  radius  of 
the  tube.  Is  stressed  in  characterizing  the  motion  of  the  fluid.  The  vari¬ 
ation  of  this  parameter  at  corresponding  flow  points  in  mammals  is  very  small 
and  could  therefore  be  considered  as  a  Reynolds  number  for  pulsatile  flow. 

Womersley's  work  forms  an  important  link  in  the  continuing  chain  of 
understanding.  We  have  chosen  to  present  his  version  not  because  it  is  the 
most  sophisticated  work  in  this  area  but  because  within  its  limitations  it 
is  a  well-developed  treatment  of  several  aspects  of  the  arterial  problem,  and 
suggests  a  rational  basis  for  many  of  the  peculiar  characteristics  observed  in 
the  mammalian  cardiovascular  system.  Moreover,  it  has  indicated  directions 
for  further  improvement  in  the  mathematical  analysis  of  the  cardiovascular 
system  and  has  encouraged  experimental  investigations  along  these  lines. 

In  this  report  section  II  begins  with  a  highly  idealized  model  of  the 
arterial  system,  the  linearized  flew  of  a  viscous,  incompressible  fluid  in  a 
straight,  rigid,  circular  tube,  in  orde^  to  develop  the  basic  concepts  of  the 
problem.  This  model  is  then  successively  refined  in  order  to  study  the  effects 
of  the  elasticity  of  the  tube,  the  oscillatory  changes  in  tube  diameter,  the 
boundary  Layer  near  the  walls  of  the  arteries,  the  junctions  and  discontinu¬ 
ities  in  the  arterial  tube  system  and  finally,  to  assess  approximately  the 
effect  of  the  nonlinear  terms  in  the  flow  equations. 

In  its  original  form,  Womersley's  work  is  understandable  only  to  spe¬ 
cialists  in  tl  is  particular  area  of  research,  T-  .Ls  present,  expanded  form, 
we  believe  that  his  work  would  be  accessible  as  well  as  of  interest  to  a  much 
larger  audience  who  are  interested  in  hemodynamics  from  the  experimental  as 
well  as  the  analytical  point  of  view. 
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SECTION  II 


OSCILLATORY  FLOW  OF  A  VISCOUS  INCOMPRESSIBLE 
FLUID  IN  A  STRAIGHT,  RIGID,  CIRCULAR  TUBE 


INTRODUCE  ~ON 

In  this  section  we  shall  consider  a  very  simplified  model  of  the  arterial 
system,  which  consists  essentially  of  the  laminar  flow  of  a  viscous,  incom¬ 
pressible,  Newtonian  fluid  in  an  infinitely  long,  uniform,  rigid  cylindrical 
tube.  Such  a  system  is  characterized  in  terms  of  the  Navier-Stokes  equations. 
From  these  general  equations,  we  shall,  under  the  prescribed  conditions, 
derive  the  equations  describing  the  particular  flow  process  of  interest  and 
obtain  a  solution.  Moreover,  we  shall  consider  the  limiting  and  modified 
forms  of  the  solution  equation  and  draw  some  conclusions. 

Next,  an  expression  for  the  volume  rate  of  flow  will  be  determined,  and 
electrical  analogues  of  flow  quantities  considered.  In  addition,  the  Fourier 
series  representation  for  calculating  the  volume  rate  of  flow  will  be  obtained 
in  terms  of  the  pressure  gradient. 

Finally,  the  relationship  between  pressure  gradient  and  the  time  rate 
of  change  of  pressure  will  be  discussed. 

DERIVATION  AND  SOLUTION  OF  THE  EQUATION  DEFINING  THE  OSCILLATORY  FLOW  OF  A 
VISCOUS  INCOMPRESSIBLE  FLUID  IN  A  STRAIGHT,  RIGID,  CIRCULAR  TUBE 

The  equations  governing  the  laminar  flow  of  a  viscous  incompressible 
fluid,  expressed  in  cylindrical  coordinates  (see  figure  1),  are  (Schlichting, 
1960) : 

The  equation  of  continuity  of  mass 


3u  ti  1_  3v  3w 
3r  r  r  30  3z 


(2-1) 
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Figure  1.  Cylindrical  Coordinates  of  a 
Point  Within  the  Flow  Along  the  Z  Axis 


4 


The  three  dynamical  equations  of  motion 
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The  assumptions  made  regarding  the  particular  flow  process  under  con¬ 
sideration  through  a  straight,  rigid,  circular  tube  are  as  follows.  (See 
figure  2.) 

a.  The  radial  and  tangential  motions  of  the  fluid  are  neglected,  u  =  0, 
v  *  0. 

b.  The  fluid  velocity  along  the  axis  of  the  tube  (the  z  axis)  is  inde¬ 
pendent  of  the  distance  z,  =  0,  i.e.,  the  value  of  w  remains  unchanged 
along  the  tube  axis. 

c.  w  is  a  function  of  the  radial  coordinate,  r,  and  time,  t,  w  =  w(r,t). 

d.  The  fluid  is  subjected  to  a  longitudinal  periodic  pressure  gradient 
having  the  form 

-  =  A  eint  =  A  (cos  nt  +  i  sin  nt)  (2-5) 

dZ 
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where  A  is  a  complex  constant  denoting  the  magnitude  of  the  pressure  gradient 
and  a)  *  nt  is  the  phase.  The  pressure  gradient  along  the  radial  (r)  and  cir¬ 
cumferential  (9)  directions  are  zero. 

e.  The  body  force  F  (F  ,F„,F  )  is  neglected,  i.e.,  F  *  Fn  *  F  ■  0. 

1  r*  0*  z  °  ’  r  0  z 


TUBE  WALL 
THICKNESS 


Figure  2.  Coordinate  System 


If  we  impose  ♦‘ht  restrictions  as  specified  in  the  assumptions  (a),  (b) , 
(c)  and  (e)  above,  we  find  that  all  the  terms  in  the  general  flow  equations 
(2-1,  2-2,  and  2-3)  vanish.  We  are  left  with  the  following  terms  of  equa¬ 
tion  2-4 

p  ^  4.  m  (  'hm  .  i 

1  bt  'Ji  '  V  <)  ^ 

or  liy  =  -i  +  v  (  4.  j_ 

"dt  ~  \  bz  V  r  >.r/  <2-6) 

Equation  2-6  defines  the  flow  process  under  investigation  without  the  impo¬ 
sition  of  the  periodic  pressure  gradient  as  specified  in  equation  2-5. 
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Since  the  longitudinal  pressure  gradient  has  the  form  described  by  equa¬ 
tion  2-5,  it  follows  that  the  longitudinal  fluid  velocity  w,  subject  to  this 
pressure  gradient,  may  be  considered  to  have  the  form 


w 


W„ 


int 

e 


(2-7) 


where  w^  denotes  the  magnitude  of  the  fluid  velocity.  Since,  according  to 
assumption  c,  w  is  a  function  of  r  and  t,  we  write  equation  2-7  more  pre¬ 
cisely  as 


w  =  w(r,t)  =  w^r) 


int 
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(2-8) 


Nov  we  combine  equations  2-5  and  2-8  with  equation  2-6.  We  note  that 


Since  is  a  function  of  r  alone,  we  replace  the  partial  derivative  notation 
by  the  total  derivative  notation.  Thus,  equation  2-6  has  the  form 


CY»t 

^  i  C 


int 


i  e 


+ 


int 

r  Q_ 

t  Ti 


7 


ur  in 

■  *  * 

ir  dur, 
Jr" 

*  ir  dux, 

+  r  J7 

Jlr, 

Jr" 

.  i  cfur,  _ 

in  ixf 

,  -  A 

+  r  J7 

r  1 

/* 

(2-9) 

We  now  write  equation  2-9  in  terms  of  a  new  independent  (and  nondimen- 
sional)  variable  y  *  r/R.  Accordingly,  the  first  two  terms  in  equation  2-9 
may  be  written  as 

i  Jur,  .  j_  _  l  4^ 

1  -1  r  1  X 

d_u$  _  d  J  ur,  J _  c^ur,  _  j_  c[_u^ 

*  Jr  L  Jr  J  '  J(£^)  [  IT  J^ 


Thus,  in  terms  of  the  independent  variable  y,  equation  2-9  has  the  form 


(2-10) 
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We  observe  that  the  physical  parameter.  R,  n  and  v  which  characterize  the 
motion  of  the  fluid  appear  together  as  a  product  in  the  form  R2n/v  in  equation 
2-10.  For  convenience,  we  denote  this  product  by  a2.  Since  the  values  of  R, 
n  and  v  are  always  positive,  we  use  a2  (Instead  of  o)  to  emphasize  that  the 
product  R2n/v  is  always  positive. 

Note  that  a2  «■  R2n/v  is  a  dimensionless  parameter, 
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Here,  L  and  T  denote  dimensions  of  length  and  time.  Since  the  value  of  a 
depends  upon  the  frequency  n,  we  may  say  that  a  is  a  dimensionless  frequency 
parameter.  We  may  also  write 

2  _  ,,  pR2n2  magnitude  of  typical  oscillatory  pressure  force 

v  pvn  magnitude  of  typical  oscillatory  viscous  force 

Thus  a  may  be  considered  as  an  oscillatory  Reynolds  number.  If  a  >>  1,  then 
the  flow  may  be  considered  as  inviscid. 

Setting  a2  *  R2n/v  in  equation  2-10,  we  have 

Jw;  +  i  k  _  iaxurt  z  -  Aft 

or  duT,  j_  JuS,  .  (/o(  oT  c  -  ktf  (2-11) 

^  H  T 

Equation  2—1 J.  defines  the  particular  flow  process  under  investigation.  The 
problem  now  is  to  determine  the  solution  of  equation  2-11,  having  the  form 
W1  *  satisfying  the  specific  boundary  conditions  to  be  imposed  and 

containing  the  flow  parameters  A,  g,  v,  n  and  R. 

Equation  2-11  is  a  nonhomogeneous  Bessel  differential  equation.  The 
corresponding  omogeneous  differential  equation  is 

d2wj  dwi 

-  +  —  - —  +  i3a2wj  =  0  (2-12) 

dy2  y  dy 
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The  solution  of  equation  2-12  may  be  written  in  the  form  (Watson,  1944): 

wi(y)  -  KiJoU^ay)  (2-13) 


which  is  known  as  the  complementary  function.  is  an  arbitrary  constant  to 
be  evaluated.  For  the  nonhomo geneous  equation  2-11,  we  let 


w^(y)  =  K„  =  constant 


(2-14) 


Substituting  equation  2-14  in  equation  2-11,  we  obtain 


i3a2K2  = 


v  -  AR 

Ko  =  ■'  7 

*  lOTp 


(2-15) 


Equation  2-15  is  the  particular  solution  of  equation  2-11.  Thus,  the  complete 
solution  of  equation  2-11  is 


«l(y)  =  viJ0(i3/2ay)  + 


(2-16) 


To  evaluate  the  constant  K^,  we  impose  the  condition  of  "no  slip"  at 


the  tube  wall  r  =  R: 


w  =  0  at  y  -  £  =  1. 

K 


Imposing  this  condition  on  equation  2-16,  we  obtain 
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Rewriting  equation  2-16  in  terms  of  thi .  alue  of  we  have 
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Combining  equations  2-7  and  2-17,  we  obtain  the  fluid  velocity  along  the  axis 
of  the  tube 
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The  factor  AR2/ia2y,  appearing  in  eiuation  2-18,  nay  be  simplified  for  compu¬ 
tational  purposes  as  follows.  firr-t-  note  that 
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A  formula  essentially  the  same  as  the  real  pare  of  equation  2-19,  when 
A  is  real,  is  given  by  Egami  (1944)  and  Lambossy  (1953).  The  latter  has  also 
developed  a  formula  for  the  viscous  drag.  Lambossy  and  Thurston  (1952) ,  who 
also  investigated  the  problem,  were  concerned  with  the  effect  of  fluid  re¬ 
sistance  on  the  frequency-response  of  measuring  instruments. 


LIMITING  FORMS  OF  THE  SOLUTION  OF  THE  EQUATION  DEFINING  THE  OSCILLATORY  FLOW 
OF  A  VISCOUS  INCOMPRESSIBLE  FLUID  IN  A  STRAIGHT,  RIGID,  CIRCULAR  TUBE 

We  note  that  the  longitudinal  fluid  velocity,  w,  as  described  by  equation 
2-18,  Is  a  function  of  the  nondimensional  coordinate,  y  and  time,  t.  We  also 
observe  that  the  value  of  w  is  dependent  upon  the  value  of  the  nondimensional 

R2n 

frequency  parameter  a  =  (— — )  .  For  fixed  values  of  R  and  v,  the  value  of 

a  varies  directly  as  the  value  of  (n)1/2.  So  it  is  reasonable  to  look  at  the 
variation  of  the  fluid  velocity,  w,  for  small  and  large  values  of  a,  i.e., 
for  small  and  large  values  of  n  =  2irf,  i.e.,  for  small  and  large  values  of 
the  frequen  /  of  oscillation,  f,  of  the  fluid. 

If  we  include  a  phase  lag  between  the  oscillating  pressure  and  the  flow 
generated,  then  the  pressure  gradient  imposed  on  the  fluid  has  the  form 

t  (»t  -  <p) 

-  Mc«d(y\t-  <p)  +  i  M  ^  (v)t-  f) 

32  ' 


(2-20) 

instead  of  the  form  given  by  equation  2-5.  Here,  M  is  the  magnitude  of  the 
pressure  gradient  and  41  denotes  the  phase  lag  of  the  flow  rate  behind  the 
pressure  gradient.  Accordingly,  the  fluid  velocity,  w,  as  described  by  equa¬ 
tion  2-18,  has  the  form 


Col  [lot  -  j  +  l  [r\t  - 

— 

(2-21) 
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We  will  now  consider  the  limiting  forms  of  equation  2-21,  describing  the  fluid 
velocity  for 

Case  I:  Small  values  of  the  fluid  parameter  a,  i.e.,  for  small  values  of 
the  frequency  of  oscillation  of  the  flowing  fluid. 

Case  11:  Large  values  of  the  fluid  parameter  a,  i.e.,  for  large  values  of 
the  frequency  of  oscillation  of  the  flowing  fluid. 

Case  I.  First  we  consider  the  expansions 
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Next,  from  the  above  expansions  we  note  that  since  0  <  y  <.  1,  for  (ay)4  <<  26, 
or  for  a  «  26^4,  or  for  a  <<  3,  the  values  of  Jo(i3/2ay)  an  Jo(i3/2a)  may 
be  written  approximately  as 
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Accordingly,  the  term 
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in  equation  2-21  may  be  written  as 


XX^ 


X  .‘A 

3  ) 

if  i-  i  o**  J 


i*Q- f) 

A-  f  Cotv 


14 


for  small  values  of  a.  Thus,  equation  2-21  has  the  approximate  form 
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In  equation  2-22,  the  part  that  has  significance  is  the  real  part,  i.e., 
the  first  term  on  the  right-hand  side.  The  imaginary  part  determines  the 
phase  of  the  fluid  velocity.  Thus  for  small  values  of  a  the  fluid  velocity, 
w,  is  a  function  of  y  and  t  and  is  given  by 


ur  -  ,  MR-  toi  - 

In  equation  2-23,  if  we  consider  that 

a)  there  is  no  phase  lag,  i.e.,  $  =  0; 

b)  the  value  of  n  =  2irf  is  zero,  i.e.,  the  frequency,  f,  of  the  oscil¬ 
lating  fluid  is  zero; 

then  cos(nt  —  <p)  —  cos  0°  =  1  and  equation  2-23  reduces  to  the  form 

w  =  w(y)  =  0  -  y2)  (2-24) 


(2-23) 
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In  equation  2-24,  note  that  the  dependence  of  the  fluid  velocity  on  time,  t, 
has  been  eliminated,  due  to  the  restrictions  <{>  *  0  and  n  *  0.  Moreover,  since 
y  -  r/R, 


1 


Substituting  this  value  of  (1  -  y2)  in  equation  2-24  and  simplifying,  we 
obtain 

w  =  w(r)  =  (R2  -  r2)  (2-25) 


In  equation  2-25,  note  that  the  fluid  velocity,  w,  is  a  function  of  the  radial 
coordinate,  r,  only. 

Now,  the  equation  describing  the  fluid  velocity  for  stationary  Poiseuilie 
flow  in  a  straight,  rigid,  circular  tube  is  (Schlichting,  1960): 


w  =  w(r)  =  £1^lE2-  (r2  “  r2)  (2-26) 

where  pi  and  P2  are  pressures  at  a  distance,  L,  along  the  tube.  Comparing 

equations  2-25  and  2-26,  we  find  that  the  magnitude  of  the  pressure  gradient, 

M,  corresponds  to  - —  .  Thus,  equation  2-25  describes  thf>  fluid  velocity 

L 

for  stationary  Poiseuilie  flow  in  a  straight,  rigid,  circular  tube. 

Case  II.  Again  we  consider  equation  2-18.  For  large  values  of  a,  we 
shall  use  the  asymptotic  expansions  for  the  expressions  J0(i3/2ay)  and 
Jo(i3^2a).  The  asymptotic  forms  are 


1 

j  /  i\\  s  Q.  ** 

Coj  ( 

1  «V  ikl  1  .  e\1 

\ 

oo 

£ 

0" 

^  i 

1 

e 
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Thus,  for  large  values  of  a,  the  fluid  velocity,  w,  is  obtained  by  combining 
equations  2-18  and  2-27 
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ur-  ur 


U-*)  - 


i  MA 


« - 1  ^  £ 


(2-28) 


If  we  consider  the  pressure  gradient  to  be  of  the  form  given  by  equation 
2-20  instead  of  the  form  given  by  equation  2-5,  equation  2-28  may  be  written 


ur*  “Hi.1)  -  Ml  1-1  & 

t/i<*  L 


* 

Coafnt  -  - 


-i('-l')  -iS('-l) 

Mi  v  r«  £ 


+  C  Avv\^v\t  - 


(2-29) 


For  convenience  of  writing,  we  set  nt  -  <j>  =  D  and - (1  -  y)  =  E. 

/I 

Equation  2-29  may  then  be  written  as 

r  £  -lE 

»*•  M [i-  £  D  +  t  >i^nDJ 

,  t 

.MR'  i  f  coiD  +  i  Aw\ ]))  -  H  Q  \  H  + 1 E V  <u*iD  +  i- 

JUrJh  '  /  L  '  ' 
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%  r  \  -K  E/-  -r 

~  -~~v  +  l  xivvvDj  -  ,  Cd  T)  tod  E  +  l  4vwDc/wE  t  ItxnDAlnE  +V,  4A*»T)4X*sE 

. 


(2-30) 


Considering  only  the  real  part  of  the  fluid  velocity,  w,  described  by  equation 
2-30,  we  first  write  it  down  in  the  form 


I 


uJ  -  or 


(l  '0  *  (l  toa]) + *.*1)J  -  'jj  G  •  i  cx^D  txr>  E  t  too  E  + 

Coil)4vw  E  +  t  4t*\  D^lOw  E 


The  real  part  of  the  fluid  velocity  is  thus 


ur-_ 

r  -Vx  E 

4W\  D  -  'J  Q,  j 

r  > 
Aiyn  I)  too  E  +  tooD  4Cw  E  1 

[1 

/Adv 

L  1 

L  J 

\\ 
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THE  MODIFIED  FORM':  ,  F  THE  SOLUTION  OF  THE  EQUATION  DEFINING  THE  OSCILLATORY 
FLOW  OF  A  VISCOUS  INCOMPRESSIBLE  FLUID  IN  A  STRAIGHT,  RIGID,  CIRCULAR  TUBE 

We  consider  equation  2-18,  describing  the  flow  velocity  of  an  oscillatory 
viscous  fluid  in  a  straight,  rigid,  circular  tube: 

ur -  ur(s  t)  -  Mi  \  _  3o(l  A Q 

L/Id’’  Jo  _  (2-18) 

This  equation  will  provide  velocity  profiles  as  a  function  of  A,  R,  u,  a 
and  r.  In  its  present  form  the  equation  is  difficult  for  calculation  purposes. 
We  will  therefore  modify  it  in  order  to  obtain  an  expression  that  may  be  easily 
calculated,  and  then  demonstrate  some  of  the  velocity  profiles.  Accordingly, 
we  express  the  Bessel  functions  appearing  in  equation  2-18  in  modulus  and 
phase  form  as  follows. 

M.(*)  -  I 

M.  M  -  |  J.  (Af) 

0  (*)  --  |  Jo  (  | 
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Thus,  equation  2-18  may  be  written  as 


£®(“^ 

Moilll£ _ 

m.w  e'M*' 


M,  («?) 

Mo 


Cv\t 

Q 


s 


j 


(2-31) 


where  l  -  Kill)  and  {  -  ©»-  0.(4 1) 

M.O0 
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Equation  2-31  may  be  simplified  according  to  the  following  scheme.  We  set 

m'  -  [  -  (.-i 

-  [  I  + 

ta.'ri  t0  -  t  '  gee  figure  3. 

|o  Col  S0 

Moreover 

M  to4  ia  -  I  -  l*0 

o 

Mo  Aly\  li0  ^ 

M  4or\  t  ^  >J^v\ 

O  o  o 

Thus 

M^fc  +iM ' --  i-l.wl  + 

°  °  (2-32) 
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Figure  3.  Diagram  Illustrating  the  Modulus 
and  Phase  Form  of  Equation  2-18 


-  M '  £ 

(2-33) 
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If  there  is  a  phase  lag  of  the  flow  rate  behind  the  pressure  ^adient, 
and  the  latter  is  of  the  form  given  by  equation  2-20  instead  of  the  form  given 

by  equation  2-5,  then  we  replace  the  factor  Ae*nt  appearing  in  equation 

2-33  by  the  factor  Me^nt  ^  .  Thus  from  equation  2-33  we  have 


uT;  ur 


it.*-) 


M  Kg 

dLx 


MR  Mo  toilet i + 

;  t.  ' 


Ljs± 


x  .  .  / 


MR  M 

JX  <k* 


\_  <L0)^rvt  "(f  +  -  c^>  +  t 


(2-34) 

The  real  part  of  equation  2-34  describes  the  actual  flow  velocity  along  the 
tube  axis.  Thus 


(2-35) 


In  equation  2-35,  note  that  the  factor  a2  occurs  in  the  denominator  and 
is  a  factor  contributing  to  the  amplitude  of  the  flow  velocity.  Clearly,  as 
the  value  of  a2  increases,  the  amplitude  of  the  fluid  velocity  decreases, 
i.e.,  the  velocity  profile  tendc  to  flatten  out.  See  figure  4.  Note  that 
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(2-36) 


Substituting  the  expression  for  w(y,t)  from  equation  2-19  into  equation 
2-36,  we  obtain 


Q  -  0(0  - 


A 


(2-37) 


Next,  we  obtain  the  average  fluid  velocity,  w  =  w(t) ,  according  to  the  relation 


(jJ 


ow 

tie" 


where  Q(t)  is  given  by  equation  2-37  and  ttR2  is  the  cross  section  of  the  tube. 
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Thus 


We  may  write  equation  2-39  in  modulus  and  phase  form  according  to  the 
following  notation. 

--  J„  (<•**)  , 

M»  -  |  J,  (A)  |  ,  0,  (<*)  ,  PW  [J,  ('*-)} 
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<*  M0  W 


1*5  -  0  (<*)  +  9e  (*) 


(t  ~  +  0« 


Tl 


cl4X 


xJ,(w)  1 

lVV  J.  {?*)  J 


*ui 


I  - 


See  figures  6  and  7. 


Figure  6.  Diagram  Illustrating  the  Modulus  and 
Phase  Form  of  Equation  2-39 
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Figure  7. 

Diagram  Illustrating  the  Complex  Quantity  i3/2 

Thus,  equation  2-39 

may  be 

written  as 

€io  M 

,  UT(0)  , 

M 

:  m;.wg  le 

iftd' 

+  £jo  (<*)] 

K 

M 1 U)  £ 

Ill 


If  there  is  a  negative  phase  lag  <f>  between  the  flow  velocity  and  the 
applied  pressure  gradient  and  the  latter  is  of  the  form  given  by  equation 
2-20,  instead  of  the  earlier  form  described  by  equation  2-5,  then  we  replace 
the  factor  Ae*nt  in  equation  2-40  by  the  factor  Me^nt  Thus,  from  equa¬ 


tion  2-40  we  have 


i  [-nt  -f  *  W] 


IXT  ^  Uj(t^  ^  MR  M  (<*)  Q, 

LJJd.x 


■I  r 

-  MR  M  (A  Coj  -  f  +  t10  W  -t  i  &y\  r>t  -  f  +  t|0  (<*) 

T— 7v  »o  V  L  J  L 

t/iof  l 


f  f  ™  1  J 

-  m  m,;  w  j_  to-)  I  Y\t  -  1-  t(o  (A  I  +  A*-X\  I  -Cp  +  LyoiA 

fJ  cl  ^  l 


(2-41) 


The  actual  average  flow  velocity  along  the  tube  axis  is  described  by  the 
real  part  of  equation  2-41: 


ur  MR  M  ^  T)t  -  f  +  t'0  A 

jj  L  J 


(2-42) 
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The  actual  volume  rate  of  flow,  Q,  corresponding  to  the  actual  average 
flow  velocity  given  by  equation  2-42,  is 

Q  *  Q(t)  *  w(t) {cross-sectional  area  of  tube} 

*  w(t){trR2} 

-  ~-M’10(a)  sin  [nt  -  <J>  +  ei0(a)]  (2-43) 

pen 

The  values  of  the  quantities  Mjq,  m'jq/q2  and  e'iq  are  given  in  tables  I, 

II  and  III  of  (Womersley,  1957),  for  values  of  a  ranging  from  a  =  0  to  a  =  10 
at  intervals  of  0.05  in  a.  Womersley' s  tables  have  been  extended  by  van 
Brummeln,  1961). 

In  order  to  calculate  w(t)  and  Q(t)  for  values  of  the  parameter  a  greater 
than  10,  we  may  use  the  asymptotic  expansions  (McLachlan,  1961)  of  the  modulus 
m'io(oO  and  the  phase  e  i  o  : 


I  -  (L  ♦  L 

<*  o(v 


a  4  i_  4  21 _ — . 

d  d'  14-^ 


From  equation  2-43  we  note  that  since  the  maximum  value  of 
sin  [nt  -  <J>  +  e']o(a)]  is  1,  we  may  write 

W£>  '  l«(t>l 


(2-44) 


Moreover,  we  note  that  the  volume  rate  of  flow  under  steady,  laminar  condi¬ 
tions,  according  to  Poiseuille's  formula,  is 


^  ^steady 


ttR1* 

8kL 


(Pi  "  P2 ) 


(2-45) 
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For  a  comparison  of  Q^ay(t)  with  Qgtea(jy»  we  take  the  ratio  of  equations 
2-44  and  2-45  and  obtain 


Q sr£«Dy 


M '  w 

M  " 

1ST  (h-h) 

WL  N 


MM,;  w 


(2-46) 


In  equation  2-46,  if  we  set  the  magnitude  of  the  oscillatory  pressure  gradient, 
M,  equal  to  the  pressure  gradient,  ^  ~  ,  in  Poiseuille  flow,  we  obtain 


Wc) 

Q 

steady 


-  8Mu(o).. 
/»2 


(2-47) 


Qmax(t) 

In  equation  2-47,  note  that  the  ratio  — -  decreases  as  a  increases. 

^steady 

For  the  variation  of  m'iq  and  eJo  as  a  function  of  a  (i.e.,  as  a  function  of 
frequency,  n,  since  a2  =  R2n/v),  we  plot  the  ratio  SMjo/u2  against  a.  See 
figure  2-8.  According  to  equation  2-47,  this  figure  also  indicates  the  vari¬ 
ation  of  the  ratio 


:  maximum  flow  due  to  a  given  harmonic  pressure  gradient 


"‘steady' 


Poiseuille  flow  corresponding  to  the  given  pressure  gradient 


with  a. 


From  fxgure  8,  note  that  as  s  +  0, 


•>  1,  i.e.,  for  smaller  and 


steady 

smaller  values  of  the  frequency  of  oscillation,  the  maximum  flow  due  to  a  given 
harmonic  pressure  gradient  may  be  approximated  by  Poiseuille' s  formula.  For 
values  of  a  greater  than  1,  the  maximum  flow  due  to  a  given  harmonic  pressure 
gradient  decreases  rapidly  as  compared  with  the  corresponding  Poiseuille  flow. 

At  a  =  10,  Qmax  =  (^steady* 
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Qmox 


Figure  8.  The  variation  of  the  ratio  - -  with  respect  to  a, 

^steady 

assuming  laminar  flow  where  the  driving  pressure  is  of 
the  same  magnitude  as  the  pressure  gradient. 


This  wide  variation  of  with  respect  to  a,  raises  the  question: 

How  much  is  the  value  of  a  likely  to  vary  in  different  animals?  If  we  work 
with  the  following  information: 


The  driving  pressure  is  harmonic  of  frequency,  n  =  2tt f ; 
2R  =  diameter  of  the  human  femoral  artery  =0.5  cm; 
f  =  pulse  rate  =  72  per  minute; 
v  =  kinematic  viscosity  of  blood  =  0.038  stoke; 


then  the  value  of  a  is  obtained  as 


a  -  R($)l/2 

,0. 3.  ,2tt  x  72  1 

'  2  M  60  X  0.038 


1/2 


) 


=  3.52 
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The  corresponding  values  of  a  for  the  rabbit  and  the  cat  are  of  about  the 
same  magnitude.  This  indicates  similarity  in  arterial  flow  in  all  these 
animals,  and  shows  that  the  oscillating  flow  in  the  great  arteries  in  these 
experimental  animals  and  in  man  has  the  same  form,  and  differs  only  in  scale. 

Figure  9  shows  the  variation  of  the  phase  lag  (i.e.,  of  90°  -  ej  q ) 
between  the  oscillating  fluid  pressure  and  the  corresponding  volume  rate  of 
flow  with  respect  to  the  frequency  of  oscillation.  Note  that 


The  graph  shows  that  the  phase  lag  decreases  with  increasing  frequency,  and 
approaches  its  asymptotic  value  of  90°  for  large  values  of  a. 


PHASE  LAG 


Figure  9,  The  variation  of  phase  lag  between  the  oscillating 
fluid  pressure  and  the  corresponding  volume  rate  of 
flow  as  a  function  of  a. 
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ELECTRICAL  ANALOGUES  OF  FLOW  QUANTITIES 

It  is  convenient  to  consider  the  arterial  circulation  in  a  state  of 
oscillatory  motion  analogous  to  an  electrical  circuit.  In  accordance  with 
electrical  terminology,  if  we  associate  steady  flow  with  the  "PC  theory"  of 
electricity,  we  may  associate  oscillatory  fluid  flow  with  the  "a  eory"  of 
electricity.  Thus  we  may  make  the  following  analogies 

1.  Oscillating  fluid  pressure  gradient  analogous  with  voltage  drop. 

2.  Oscillating  fluid  velocity  (or  volume  rate  of  flow)  arelogous  with 
electric  current. 

3.  Fluid  friction  per  length  of  tube  section  encountered  by  the  fluid 
flow  through  the  tube  length  analogous  with  electrical  resistance. 

4.  Elasticity  of  the  tube  wall  analogous  with  electrical  capacitance. 

Consider  a  fluid  flowing  in  a  rigid,  frictionless  tube.  See  figure  2-10. 
According  to  Newton's  law 

force  =  (mass) (acceleration) 
i.e.  (P!  -  p2)A  -*  m(~) 

or  (Pi  -  P2)A  =  111  (f > 

,  m  dQ 

and  PI  -  P2  =  12  d? 

Thus,  if  the  fluid  pressure  gradient  (pj  -  p2)  and  the  volume  rate  of  flow, 

Q,  are  respectively  analogous  to  the  voltage  drop,  (ej  -  e2),  and  the  current, 
i,  then  tb^  quantity,  m/A2,  of  the  fluid  system  is  analogous  to  the  inductance, 
L,  of  the  electrical  system.  It  follows  that  the  model  for  a  rigid,  friction¬ 
less  tube  is  an  inductor.  If  we  include  fluid  friction  in  the  fluid  system, 
then  the  model  becomes  a  resistance-inductance  series  arrangement.  Moreover, 
if  we  consider  the  tube  in  the  fluid  system  to  be  flexible,  then  the  model 
becomes  a  resistance-inductance-capacitance  series  arrangement.  Such  a  model, 
although  it  represents  a  first  approximation  to  the  actual  physiological  system, 
provides  some  insight  in  regard  to  the  parameters  that  govern  the  operation  of 
the  actual  system. 
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FLUID  SYSTEM 
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ELECTRICAL  SYSTEM 
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Figure  10.  Electrical  lalogue  of  Rigid,  Frictionless  Tube 
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In  the  treatment  of  AC  circuits,  we  have  to  consider  the  phase  difference 
between  the  applied  voltage  and  the  current  flowing  in  the  circuit.  Analo¬ 
gously,  we  may  regard  the  oscillating  arterial  pressure  gradient  generating 
a  flow  with  a  phase  lag.  Moreover,  in  electrical  circuits,  the  complex  im¬ 
pedance  Zg^ec  is  the  ratio  of  the  voltage,  V,  impressed  on  the  circuit  and 
the  current,  I,  in  the  circuit, 


Z 


elec 


V/I 


By  analogy,  we  define  the  fluid  impedance  Z^^^  as 


2  fluid  pressure  gradient 

fluid  average  fluid  velocity 

We  have  noted  earlier  that  the  representations  for  the  pressure  gradient  and 
the  average  fluid  velocity  are  respectively 
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(2-20) 

(2-41) 
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(2-48) 


Moreover,  we  may  write 


Z,  =R,  +  iX  =R  +  i2ir£L  , 

elec  elec  elec  elec  elec 


(2-49) 


where  R  ,  ,  X  ,  and  L  ,  are  respectively  the  resistance,  the  reactance 

elec  elec  elec  r  J  * 

and  the  inductance  of  the  electrical  circuit.  Comparing  the  right-hand  sides 
of  equations  2-48  and  2-49,  we  conclude  that 


fluid  resistance  = 
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In  coastrast  with  electrical  circuits  (where  the  resistance  and  induct¬ 
ance  are  independent  of  the  frequency  of  the  system) ,  we  note  that  both  the 
fluid  resistance  and  inductance  are  functions  of  the  frequency  of  oscillation 
of  the  system.  The  variation  of  fluid  resistance  and  inductance  n  a  rigid 
tube,  with  respect  to  frequency,  are  shown  in  figures  11  and  12. 


FLUID  RESISTANCE 
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Figure  11.  Variation  of  Fluid  Resistance  with  a 
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A  FLUID  INDUCTANCE 
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Figure  12.  Variation  of  Fluid  Inductance  with  a2 


Note  the  linear  variation  of  fluid  resistance  with  frequency  for  values  of 
a  >  4.  The  variation  of  fluid  inductance  with  frequency  is  small.  For  large 
values  of  the  frequency,  the  fluid  inductance  remains  essentially  constant. 

The  variation  of  fluid  impedance  with  frequency  is  shown  in  figure  13. 

Clearly,  a  more  complete  electrical  analogue  for  the  arterial  circulation 
in  a  state  of  oscillatory  motion  must  also  include  a  capacitance  to  allow  for 
the  elasticity  of  the  tube  wall. 


Variation  of  the  Modulus  of  Fluid  Impedance  with  Respect  to  a2  for  a  Rigid  Tube 


FOURIER  SERIES  REPRESENTATION  FOR  CALCULATING  THE  VOLUME  RATE  OF  FLOW  WHEN 
THE  PRESSURE  GRADIENT  IS  MEASURABLE 

Consider  a  function  of  time,  F(t) ,  which  has  an  oscillatory  frequency  n. 
We  may  write  this  function  in  the  form 

F(t)  =  A  +  A,  cos  nt  +  A„  cos  2nt  +  ...  +  A  cos  mnt  + 
ox  2  m 


B.  sin  nt  +  B„  sin  2nt  +  . . .  +  B  sin  mnt 
12  m 


(2-50) 


where  Aq  denotes  the  mean  v^lue  of  F(t).  Note  that  each  harmonic  component 
of  the  function  F(t)  is  represented  by  a  pair  of  terms  of  the  form  A^  cos  mnt  + 
sin  mnt.  Equation  2-50  may  be  written  more  conveniently  in  the  form 

F(t)  =  A  +  Y  (A  cos  mnt  +  B  sin  mnt) 
o  L  m  m 

m 

If  F(t)  represents  the  applied  periodic  pressure  gradient  which  has 
th 

magnitude  for  the  m  harmonic  and  represents  the  negative  phase  lag 
between  the  fluid  velocity  and  the  applied  pressure  gradient  for  the  m*"^1 
harmonic,  then  we  may  represent  F(t)  in  the  form 

F(t)  =  A  +  y  M  cos  (mnt  -  <j>  ) 
o  u  m  m 

m 


where 


X  X  ‘/x 

A  +  B 

- 


*  t**'  B. 

X 


In  view  of  a2  =  R2n/v  R2np/y,  equation  2-43  may  be  written  as 


Q(t)  =  - ip-  M10(a)  sin  [nt  -  <J>  +  e10(a)] 

E  R^np 


=  (wR2)  —  m[  o  (a)  sin  [nt  -  <j>  +  e  1  q  ( a )  ] 


(2-51) 
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From  equation  2-51,  we  may  write  down  the  contribution  to  the  volume  rate  of 
flow  made  by  the  in  harmonic  in  the  form 

Qhj  *  0^00  =  (TrR2)(M^/mnp)M10(am)  sin  jmnt  -  <J»m  +  eio(am)J  (2-52) 

In  equation  2-52,  a  is  the  value  of  the  flow  parameter  o  corresponding  to  the 
th  ^ 

m  harmonic,  i.e.,  *  ma^2  where  a^  is  the  value  of  a  corresponding  to  the 

pulse  frequency. 

Rearranging  and  expanding  equation  2-52,  we  have 


Qjjj  =  Q^t)  =  (irR2/mnp)MmM|o  (a^)  sin 
which  may  be  written  as 


mnt  +  e  {  n  (a  ) 
in 


=  (nR2/mnp)  sin  mnt  ^A^^gCa^)  cos  elo(am)  + 


+  B  Mi o (a  )  sin  ein(a  ) 
m  m  1U  m 


} 


+  (nR2/mnp)  cos  mnt 


{4; 


0(“m)  sin  eio(%) 


-  B 


Ml  0  (a 

m|_  1U  m 


)  cos  ein(«  ) 


m 


> 


(2-53) 


In  equation  2-37,  for  computing  the  volume  rate  of  oscillatory  flow, 
we  have  to  evaluate  the  factor 


i  J,  (A) 

t**  J„  (iV) 


t  h 

If  we  are  concerned  with  the  m  harmonic,  we  have  to  evaluate  a  correspond¬ 
ing  term  of  the  form 


According  to  our  notation,  we  write  this  as 


l- 


i  J(  (  i 

(I  V) 


--  1  MioK)  ^  tio' (^) 


(2-54) 
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We  note  that  the  terms  Min  (a  )  cos  e  i  o  (ot  )  and  Mln(a  )  sin  eJo(a  )  on  the 

m  m  u  m  um 

right-hand  side  of  equation  2-54  also  appear  on  the  right-hand  side  of  equa¬ 
tion  2-53.  Therefore,  for  calculating  the  volume  rate  of  flow  from  the  pres¬ 
sure  gradient,  we  refer  to  a  table  of  the  real  and  imaginary  parts  of  the 
factor 

For  this  purpose  we  use  the  abbreviations 


(2-55) 


(2-56) 


4  5 


Substituting  the  values  of  and  from  equations  2-55  and  2-56  into  equa¬ 
tion  2-53,  we  obtain  the  contribution  to  the  volume  rate  of  flow  due  to  the 
m*"*1  harmonic  in  the  form 


Qm  "  Qm(t)  "  (lTR2/mnp)[AmCm  +  B«Dm]  sin  nnt 

+  (irR2/mnp)  A  D  -  B  C  cos  mnt 
m  m  m  mj 


(2-57) 


Equation  2-57  may  be  used  for  calculating  the  volume  rate  of  flow,  Q^,  when 

the  pressure  gradient  is  known  in  the  form  M  e-*-(mnt  'f’m)  <  The  vaiues  0f 

m 

the  quantities  and  are  given  in  table  4  of  Womersley  (1957)  for  values 
of  a  ranging  from  a  =  0  to  a  =  10  at  intervals  of  0.05  in  a. 

We  have  obtained  equation  2-57  without  considering  any  perceptible  re¬ 
flection  of  the  pulse  wave.  If  such  reflections  are  present,  then  this  equa¬ 
tion  is  not  valid  for  calculating  the  volume  rate  of  flow.  The  effect  of 
reflections  is  considered  in  section  VII,  "Junctions  and  Discontinuities." 

McDonald  (1955)  has  made  measurements  of  pressure  gradient,  figure  14, 
and  volume  rate  of  flow  in  the  femoral  artery  of  the  dog.  The  volume  rate  of 
flow  was  obtained  from  the  average  fluid  velocity  across  the  tube,  which  was 
measured  by  following  the  motion  of  a  gas  bubble  in  the  artery  by  means  of 
high  speed  cinematography.  A  comparison  of  the  observed  volume  rate  of  flow 
with  that  calculated  from  equation  2-52  is  shown  in  figure  15.  The  pulse  fre¬ 
quency  was  3  cycles  per  second.  The  assumed  values  of  the  other  pertinent 
quantities  were  as  follows: 

Radius  of  artery  -  0.15  cm 
Viscosity  of  blood  -  0.04  poise 
Density  of  blood  -  1.05  gm/cc 

Using  a2  =  a  =  3.34  for  the  fundamental.  From  figure  15,  note  that  the 

agreement  between  theory  and  experiment  is  good,  despite  the  drastic  nature  of 
the  assumption  used  in  deriving  equation  2-52,  namely  that  the  artery  is  a 
rigid  tube,  and  that  the  formula  contains  no  disposable*  constants. 


2  _  Rfn 


*  a  js  concocted  by  definition  according  to  a^  =  and  is  not  a  physiologi 
cal  constant. 
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Figure  14,  Observed  Pressure  Gradient  Over  One  Pulse  Cycle  in  the  Femoral 
Artery  of  the  Dog  (McDonald,  1955) 


CARDIAC  CYCLE  INTERVAL 
( DEGREES) 


Figure  15.  Volume  Rate  of  FJow  Over  One  Pulse  Cycle  in  the  Femoral  Artery 
of  the  Dog 
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It  will  be  seen  in  section  VI,  "Pressure-Flow  and  Pressure-Diameter  Rela¬ 
tionships,"  that  the  equations  describing  velocity  and  flow  based  upon  the 
assumption  of  a  rigid  tube  may  be  obtained  from  considerations  of  an  elastic 
tube  under  limiting  conditions  of  stiff  constraint.  Moreover,  good  agreement 
existing  between  the  rigid- tube  equations  and  McDonald's  (1955)  results  is 
admissible  as  evidence  in  considering  whether  the  conditions  of  stiff  con¬ 
straint  apply  to  the  artery. 


CARDIAC  CYCLE  INTERVAL 
( DEGREES) 


Figure  16.  Comparison  of  Calculated  and  Observed  Flow  Over  One  Pulse  Cycle 
in  the  Femoral  Artery  of  the  Dog 
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RELATIONSHIP  BETWEEN  THE  PRESSURE  GRADIENT  AND  THE  TIME  RATE  OF  CHANGE  OF 
PRESSURE 

In  the  arterial  system,  if  we  assume  that  the  pressure  gradient  is  gen¬ 
erated  by  a  periodic  cardiac  pulse  wave  having  finite  velocity,  there  is  a 
local  increase  in  pressure  in  the  elastic  tube.  This  local  increase  in  pres¬ 
sure  causes  a  local  deformation  in  the  elastic  tube  which  is  propagated  along 
the  tube  like  the  wave  of  a  plucked  violin  string  traveling  down  the  string. 
This  phenomenon  is  called  a  pressure  wave.  If  this  pressure  wave,  denoted  by 
p(z,t),  is  considered  to  be  harmonic  in  form,  we  may  describe  it  by 

p(z,t)  =  pQ  ein(t  “  z/c)  (2-58) 

where  c  is  the  velocity  of  wave  propagation  and  pQ  is  a  real  constant  denoting 

the  magnitude  of  the  pressure  wave. 

From  equation  2-58  we  note  the  following: 

.  „  , .  3p  ,  in.  in(t  -  z/c) 

1.  Pressure  gradient  =  -  =  -  p  (-  — )e 


2.  Rate  of  change  of  pressure  with  respect  to  time 


= 

at 


-  „  -  z/c) 

=  PQ(in)e 

Thus  the  pressure  wave  form  described  by  equation  2-58,  traveling  without  dis¬ 
tortion  at  a  velocity  c,  will  satisfy  the  equation 


3p  _  l  ap 
az  c  at 


(2-59) 


Equation  2-59  has  the  solution  p  =  f^(z  -  ct)  which  means  any  analytic  func¬ 
tion  whatever  of  the  variable  (z  -  ct).  If  we  consider  the  equation 

3p  _  _i  a_g. 
az  c  at 


we  find  that  it3  solution  has  the  form  p  =  f£(z  +  ct)  which  again  means  any 
analytic  function  whatever  of  the  variable  (z  +  ct). 

It  can  be  easily  verified  that  the  combined  expression 


p  =  f^(z  -  ct)  +  +  ct) 

satisfies  the  differential  equation 

a2P  l  32p 

3z2  c2  at2 


(2-60) 


(2-61) 
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Equation  2-61  is  known  as  the  wave  equation.  In  equation  2-60  the  component 
solution  p  “  f^(z  -  ct)  is  known  as  the  propagated  wave  and  the  component 
solution  p  ■  f£(z  +  ct)  is  known  as  the  reflected  wave. 

For  a  description  of  the  propagated  and  reflected  waves,  we  plot  the 
functions  f^(z  -  ct)  and  f2(z  +  ct)  at  successive  values  of  the  time,  t, 

i.e. ,  for  t  -  0,  t  -  1,  t  ■  2,  etc.  We  find  that  the  function  f^(z  -  ct) 
defines  a  graph  of  fixed  form  advancing  forward  (propagated  wave)  along  the 
z-axis  at  the  velocity  c.  See  figure  17.  Similarly,  tor  the  function 
f^(z  +  ct) ,  we  find  that  the  plot  as  a  whole  of  unchanging  form  slides  back¬ 
ward  (reflected  wave)  along  the  z-axis  at  the  velocity  c.  See  figure  18. 

The  general  solution  p  ■  f.  (z  -  ct)  +  f2(z  +  ct)  implies  that  the 
function  f^(z  “  ct)  +  +  ct)  defines  a  flow  pattern  of  general  forms 

partly  traveling  forward  and  partly  backward  along  the  z-axis,  without  mutual 
interference  and  at  a  velocity,  c,  relative  to  the  underlying  fluid  flow. 

From  equation  2-59  we  note  that  if  we  know  3p/3t  and  the  ressure  wave 

velocity,  c,  then  we  can  determine  the  pressure  gradient,  3p/  z,  and  the 

volume  rate  of  flow,  Q.  Now,  from  experimental  evidence,  the  technique  re¬ 
quired  for  measuring  the  time  rate  of  change  of  pressure,  3p/3t,  is  simpler 

than  that  required  for  measuring  the  pressure  gradient,  3p/3z.  Thus,  if  the 
value  of  c  is  known,  we  may  use  the  product  of  1/c  and  the  Fourier  expansion 
of  3p/3t  for  calculating  the  volume  rate  of  flow,  Q.  This  procedure  would 
imply  that  all  the  harmonic  components  of  the  pressure  wave  are  traveling  at 
the  same  velocity,  c.  However,  the  pressure  wave  velocity,  c,  is  independent 
of  the  frequency  only  when  we  consider  a  circulatory  system  in  which 

1.  the  tube  is  perfectly  elastic; 

2.  the  fluid  is  inviscid; 

3.  the  tube  is  so  long  that  no  reflection  of  the  wave  occurs. 

Under  these  conditions,  the  pressure  wave  will  travel  without  distortion. 

Let  the  Fourier  series  for  the  flow  pressure,  p,  have  the  form 

p  =  p(t)  =  p  +  Y(C  cos  mnt  +  D  sin  mnt)  (2-62) 

r  ro  L  m  m 

m 

where  the  right-hand  side  is  composed  of  a  time  independent  mean  pressure,  pQ, 
and  a  sum  of  oscillatory  components.  For  determining  the  pressure  gradient, 


50 


3p/dz,  according  to  the  method  outlined  in  the  preceding  paragraph,  we  have  to 
obtain  3p/3t.  From  equation  2-62  we  note  that  3p/3t  will  contain  only  oscil¬ 
latory  components  since  p^  is  a  constant.  Thus,  the  expression  for  3p/3z  will 
contain  only  >scillatory  components.  Therefore,  according  to  this  method  of 
determining  3p/3z  and  the  volume  rate  of  flow,  Q,  we  are  unable  to  check  the 
steady  flow  against  the  constant  term  in  the  pressure  gradient. 


Figure  17.  A  pressure  wave  having  some  fixed  form 
and  moving  forward  with  a  velocity,  c,  relative  to 
the  underlying  fluid  flow.  Initial  position  of  wave 
at  t  =  0.  Subsequent  positions  at  t  =  1  and  t  =  2. 
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Figure  18.  A  pressure  wave  having  some  fixed  form  and 
moving  backward  with  a  velocity,  c,  relative  to  the 
underlying  fluid  flow.  Initial  position  of  wave  at  t  =  0. 
Subsequent  positions  at  t  =  1  and  t  =  2. 


52 


SECTION  III 


MOTION  OF  A  THIN-WALLED  ELASTIC  TUBE  AND  VELOCITY  OF  THE  PRESSURE  WAVE 

INTRODUCTION 

In  this  section  we  shall  first  examine  the  longitudinal  and  radial  forces 
to  which  the  tube  is  subjected  and  derive  the  equations  of  motion  of  the  tube. 
Next  we  consider  the  motion  of  the  fluid  with  suitable  approximations  and 
obtain  expressions  describing  the  axial  and  radial  fluid  velocity  components. 
Finally,  from  the  set  of  equations  describing  the  motion  of  the  tube  and  of 
the  fluid,  we  obtain  a  so-called  frequency  equation  which  determines  the 
velocity  of  w r”e  propagation  in  terms  of  the  parameters  of  the  tube  material 
and  of  the  flu  d. 


THE  LONGITUDINAL  AND  RADIAL  FORCES  IN  THE  ELASTIC  TUBE 

Cc  isider  an  element,  ABCD,  of  a  cylindrical  tube  of  thickness  h  lying 
between  two  adjacent  generators,  and  G^G^,  of  the  tube  and  two  cross 

sections,  C.^  and  ^3^4*  perpendicular  to  the  longitudinal  axis  of  the  tube. 
See  figure  19.  Let  £,  n  and  X,  denote  the  component  extensions  of  the  element 
of  the  tube  along  the  radial,  circumferential  and  longitudinal  directions 
respectively. 

From  symmetry,  the  component  extension,  n,  is  zero.  If  the  extensions 
5  and  4  are  considered  small,  then  Hooke's  law  is  applicable  and  we  may  write 

stress  =  E(straki) 

where  E  's  the  linear  modulus  of  elasticity  of  the  tube  material.  Thus,  along 
the  radial  direction,  we  have,  per  unit  length  of  the  tube 

h  ■  E<t>  <3-1> 


where  5/R  is  the  strain  (change  in  length  per  unit  length)  along  the  radial 
direction.  Equation  3-1  may  be  written  as 


I  =  JL 

R  hE 


(3-2) 


This  equation  indicates  that  the  dimension  of  Q  is  force  per  unit  length. 
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LONGITUDINAL  AXIS 
OF  TUBE 


RADIAL  DIRECTION 


Figure  19.  Forces  in  Cylindrical  Tube. 


Ndte  that  if  the  thickness  of  the  tube  wall  is  assumed  to  be  small,  then 
the  v;  lue  of  the  radial  deformation,  £,  may  be  considered  to  remain  the  same 
at  different  points  along  the  radius  of  the  tube  wall.  Thus  the  strain  along 
the  radial  direction  may  be  written  as  £/R.  However,  since  the  value  of  £ 
may  be  different  at  different  points  along  the  length  of  the  tube,  and 
£  =  £(z,t),  we  have  to  consider  3£/ 3z  as  the  value  of  the  radial  strain,  £,  at 
any  point  along  the  z-axis  of  the  tube.  See  figure  20. 

Moreover,  when  we  consider  deformation  along  the  length  of  the  tube,  we 
observe  that  the  value  of  tne  deformation,  £,  varies  along  the  length  of  the 
tube.  Since  t,  =  £(z,t),  the  value  of  the  longitudinal  strain  at  any  point 
along  the  z-axis  of  the  tube  is  9^/3z.  Therefore,  the  relationship  between 
stress  and  strain  along  the  axis  of  the  tube,  per  unit  length  of  the  tube,  is 


*  “  E(^ 


(3-3) 
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t 


I 


i 


Equation  3-3  may  be  written  as 

at  _  p 

3z  ”  hE 


(3-4) 


Equation  3-4  indicates  that  the  dimension  of  P  is  force  per  unit  length. 

It  is  known  from  experiment  that  when  an  element  of  material  is  stretched 
in  the  direction  of  its  length,  it  undergoes  a  contraction  along  its  trans¬ 
verse  section.  The  ratio 


change  in  length  per  unit  length  of  a  transverse  section  of  material 
change  in  length  per  unit  length  of  material 

is  constant  within  the  limitations  of  Hooke's  law.  This  ratio  is  known  as 
Poisson's  ratio  and  is  denoted  by  a. 

Clearly,  tne  longitudinal  stress,  P/h,  causes  a  strain  or  contraction 
along  the  radial  direction.  From  the  definition  of  Poisson's  ratio,  the 
factor  of  proportionally  between  this  longitudinal  stress  and  radial  con¬ 
traction  is  a.  Thus  we  may  write 

bb 


L_ 


contraction  along  radial  direction  =  o(P/hE)  (3-5) 

Similarly,  the  radial  stress,  Q/h,  causes  a  contraction  along  the  longitudinal 
direction  and  we  may  write 

contraction  along  longitudinal  direction  *  cr(Q/hE)  (2-6) 

Thus,  the  total  relative  change  in  length  along  the  radial  direction,  taking 
contraction  into  account,  is,  from  equations  3-2  and  3-5 


I  „  JL  _ 

R  hE  hE 


(3-7) 


Similarly,  the  total  relative  change  in  length  along  the  longitudinal  axis  of 
the  tube,  taking  contraction  into  account,  is,  from  equations  3-4  and  3-6 


3£  P  oQ 


3z  hE  hE 

Solving  equation  3-8  for  P,  we  find 


(3-8) 


P  =  hE  +  oQ  (3-9) 

Substituting  the  value  of  Q  from  equation  3-7  into  equation  3-9,  we  obtain 

P  =  hE  4s-  +  ahF,  £  +  a2P 
3z  R 


i.e. 


P(1  -  a2)  -  hE 


3z 


+  a 


I 

R 


or 


=  Bh(l  -  a2) 


3z 


+  a 


P  = 


+  a 


1 

R 


(3-10) 


Equation  3-10  describes  the  tension  in  the  tube  along  the  longitudinal  axis. 

By  a  similar  procedure  we  also  obtain  the  following  equation  describing 
the  tension  in  the  tube  along  the  radial  direction 


Q  = 


+  a 


K 

3z 


(3-11) 
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THE  EQUATIONS  OF  MOTION  OF  THE  ELASTIC  TUBE 

We  will  now  determine  the  equations  of  motion  of  the  elastic  tube  along 
both  the  longitudinal  and  radial  directions.  First  consider  the  motion  along 
the  longitudinal  axis  of  the  tube.  According  to  Newton’s  second  law,  the  net 
force  along  the  longitudinal  direction  acting  on  an  element,  dz,  of  tube  wall 
=»  (mass  of  the  element,  dz) (acceleration,  92?/3t2,  along  the  z-axis) 


<p  +  !!>  - p 


(2ttR)  = 


ph(dz)2irR 


lit 

9f  2 


or 


91  V. 
=  ph 


lit 

9t2 


(3-12) 


See  figure  21.  Note  that  the  net  force  per  unit  length  acting  on  the  element, 
3P 

dz,  is  (P  +  —  ;'i)  -  P.  The  total  length  along  which  this  force  acts  is  2irR. 
o  Z 

The  product  or  these  two  quantities  is  the  net  force  acting  on  the  element  dz. 
The  mass  of  ;t.  ■<  element  dz  =  (density  of  tube  material)  (volume  of  element)  = 
p  [h(dz)27rR] . 


Figure  21.  Forces  Acting  on  an  Element  of  Tube  Wall. 
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For  the  motion  of  the  tube  along  the  radial  direction  we  have,  according 
to  Newton's  second  law,  the  net  force  along  the  radial  direction  acting  on  an 
element  dz  *  (mass  of  the  element  dz) (acceleration,  32£/3t2,  along  the  radial 
direction) 


or 


p(2irR)  (dz)  -  |(2trR)(dz) 


ph(dz)2irR 


P 


oh 


3t2 


(3-13) 


See  figure  22. 


Figure  22.  Forces  Acting  Along  the  Radial  Direction. 
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If  we  take  the  viscosity  of  the  fluid  into  account,  there  will  be  a  sur¬ 
face  traction  on  the  inner  surface  of  the  tube  along  the  longitudinal  axis  of 
the  tube  and  equations  3-12  and  3-13  will  have  to  be  modified.  The  total 
stress  due  to  surface  traction  has  two  components.  These  are 


i  \  9w 


:  radial  component  of  the  stress  due  to  surface 
r=R  traction  at  the  inner  surface  of  the  tube. 


*>\  9u 
2) 


:  longitudinal  component  of  the  stress  due  to  surface 
r=R  traction  at  the  inner  surface  of  the  tube. 


Thus,  the  total  stress  due  to  surface  traction 


=  P 


3w  _3_u 
3r  3z 


(area  of  inner  surface  of  tube) 


(3-14) 


J  r=R 


From  equation  3-10,  for  the  tension  in  the  tube  along  the  longitudinal 


axis 


P  =  Bh 


3z  R 


(3-10) 


we  have,  upon  differentiating  with  respect  to  z: 


'ill 

L3z2 


+ 


a  3E i 
R  3z 


(3-15) 


oh 


iIl  m 

3t2 


a  di 
R  3z 


(3-16) 


Equation  3-16  describes  the  motion  of  the  tube  along  the  longitudinal  axis, 
taking  into  account  forces  due  to  fluid  pressure  only.  Moreover,  the  equation 
describing  the  motion  of  the  tube  along  the  radial  direction,  taking  into  ac¬ 
count  forces  due  to  surface  traction  only,  is 


ph 


P 


3w  3ii 
3r  3z 


r=R 


(3-17) 
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Combining  equations  3-16  and  3-17,  we  obtain  equation  3-18  which  describes 
the  motion  of  the  tube  along  the  longitudinal  axis  due  to  the  combined  effects 
of  fluid  pressure  and  surface  traction 


3w 

_l  ’ J  T 

+  shf— 

iL  +  £  3i' 

,3r 

“'Ir-l  L9‘ 

5 2  R  3  z  j 

32C  _  ji_ri  3w  3u]  b[ 32e  .  a  3g 

3t2  ph  _R  3y  3z  ^  p  Jz2  R  3z 


p0vf3w  ,  _  3u1  .  BlVt  ,  a  3E 

~  phR[3y  +  R  alj  =1  +  p  [3l2  +  r  a? 


From  equation  3-11  we  write 


£  .  Bh fi  +  3d 

R  R  [R  3z 


Combining  equations  3-13  and  3-19,  we  have 


nu  3j£  _  n  Bh[l  .  „  id 

ph  3t2  -  P  -  R  [R  +  0  3zj 


iii  =  _e.  _  IpL  +  iK 

3t2  ph  p [R2  R  3z 


(3-18) 


(3-19) 


(3-20) 


Equation  3-20  describes  the  motion  of  the  tube  with  respect  to  the  radial 
direction. 

In  order  to  tie  in  the  motion  of  the  fluid  and  the  motion  of  the  tube, 
we  adopt  the  following  matching  boundary  conditions. 


1)  u  _  =  u  .  = 
r=R  y=l 


2>  "lr.E  ■  "ly.l  ’  'ft 


(3-21) 

(3-22) 


In  other  words,  considering  that  the  fluid  adheres  to  the  tube  wall,  the 
values  of  the  component  fluid  velocities,  u  and  w,  at  the  inner  surface  of 
the  tube  are  equal  to  the  time  rate  of  change  of  the  radial  and  longitudinal 
components  of  the  tube  displacements  respectively. 
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THE  EQUATIONS  OF  MOTION  OF  THE  FLUTD  IN  THE  ELASTIC  TUBE 

The  motion  of  the  fluid  in  the  elastic  tube  is  governed  by  the  equation 
of  continuity  of  mass  and  the  dynamical  equations  of  motion  along  the  radial 
and  longitudinal  directions* 

The  general  form  of  the  continuity  equation  in  cylindrical  coordinates 
is 

r  ft”  +  37(p0ru>  +  4(p0v)  +  r  ^p°w^  =  0  0-23 

Neglecting  the  tangential  component,  of  the  fluid  velocity,  u,  and  considering 
the  flow  to  be  incompressible,  equation  3-23  reduces  to  the  form 


5r 


(p0ru)  + 


JL 

3z 


(p0w)  =  0 


or 


3u  ,  ,  3w 

p0r  ~+  p0u  +  P0r  ^  - 


0 


or 


3w 
3  z 


=  0 


The  general  form  of  the  equation  of  motion  of  the  fluid  along  the  radial 
direction  is 


PO 


3u 

3t 


+  u 


3u  v  3 v 
3r  r  30 


3u 

3z 


F 

r 


in 

3r 


+  H 


Vu 

3r2 


_1  3jJ  _u_  _1_  32u 

r  3r  "  r2  +  r2  302 


2  3v  32u 
r2  30  3z2 


(3-25) 


If  we  neglect  the  body  force,  the  tangential  effects  of  the  motion  and  the 
second-order  effect,  32u/3z2,  equation  3-25  reduces  to  the  form 


3u  .  3u 

st  +  uI7  +  u 


3u 

3z 


1  3p  .  [32u  .  1  9u  u 
Pq  3r  V  3r2  r  3r  ‘"'t2 


(3-26) 


The  general  form  of  the  equation  of  motion  of  the  tube  along  the  longi¬ 
tudinal  direction  is 


PO 


3w 

at 


3w 

3r 


v  _3w 
r  30 


+  w 


3w 

3z 


_  in 

3z 


+  p 


32w 

3r2 


3w 


r  3r 


32w 

302 


32w 

3z2 


(3-27) 
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Neglecting  the  body  force  and  the  tangential  effects  of  the  fluid  motion 
equation  3-27  reduces  to  the  form 


lw  +  u£w  +  w3w.__l_l£  +  JLfiiii  +  I  3w  +  sV 
3t  3r  3z  Pq  3z  uol.^2  r  <*r  3z2. 


(3-28) 


THE  AXIAL  AND  RADIAL  FLUID  VELOCITY  COMPONENTS  IN  THE  ELASTIC  TUBE 

Suppose  that  we  are  interested  in  a  flow  process  where  all  the  vari¬ 
ables  concerned,  namely,  p,  u  and  w,  as  functions  of  the  independent  vari¬ 
ables  r,  z  and  t,  have  the  following  form 

p  =  p(r,z,t)  =  pi  (r)  ein^C  (3-29) 

u  =  u(r,z,t)  =  ui(r)  ein^t  (3-30) 

w  =  w(r,z,t)  =  '.tjCr)  ein(t  '  z/c)  (3-31) 

In  these  representations,  pi,  m  and  are  the  magnitudes  of  p,  u  and  w 
respectively.  These  magnitudes  are  functions  of  the  radius,  r.  Moreover, 
n  is  a  constant  denoting  the  frequency  of  the  forced  disturbance  and  c 
denotes  the  complex  velocity  of  wave  propagation. 

In  the  abova  representations,  equations  3-29  through  3-31,  we  note 

that 

1)  as  time,  t,  increases,  the  argument  of  the  function  changes; 

2)  if  the  coordinate,  z,  increases  in  such  a  manner  that  the  argument 
of  the  exponential  function  remains  constant,  i.e.,  if  t  -  —  - 
constant,  then  the  phases  of  the  functions  p(r,z,t),  u(r,z,t)  and 
w(r,z,t)  are  iot  altered. 

Therefore,  the  representation  of  the  functions  described  above  in  equa¬ 
tions  3-29  through  3-31  is  the  representation  of  a  disturbance  that  travels 
along  the  z-axis  with  a  velocity  c.  A  flow  process  which  has  the  above 
representation  is  called  a  plane  wave,  since  the  velocity  components,  u  and 
w,  and  the  pressure,  p,  remain  constant  in  any  plane  perpendicular  to  the 
direction  of  propagation,  z. 

Consider  the  relationship 

c  =  fA  (3-32) 
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where  c  is  the  velocity  of  wave  propagation,  f  ■*3  the  frequency  of  the  wave 
and  X  is  the  wavelength.  We  take  the  reciprocal  of  both  sides  of  equation 
3-32  and  multiply  both  sides  by  nR.  We  find  that 

nR/c  =  nR/fX  =  (2irf)R/fX  =  2*R/> 


This  result  indicates  that  if  the  wavelength,  X,  is  large  compared 

inner  radius  of  the  tube,  R,  then  the  quantity  nR/c  is  small. 

From  equations  3-30  and  3-31  we  note  that 

with  the 

u 

•  MR)  eln(t  -  2/c) 

r=R 

(3-33) 

w 

=  w,'R>  ein<t  '  2/C> 

(3-34) 

r=R 


Combining  equations  3-33  and  3-34  with  the  continuity  equation  3-24,  we  find 
that  at  r  =  R 


•£«!<*> 


in(t  -  z/c 


>1  +1 

R 


ui(R) 


in(t  -  z/c) 


wj  (R) 


,in(t  -  z/c)]  =  Q 


i.e.  0  +  HliSl  ei»<t  -  */c)  +  (R){.  %  ei»(t  -  */<=>  ,  o 

K  C 

i.e.  uj(R)/R  =  w1(R)in/c 

i.e.  uj (R) /wj (R)  =  inR/c 


(3-35) 


From  equation  3-35  we  observe  that  at  the  inner  surface  of  the  tube,  r  =  R, 
the  radial  component  of  the  fluid  velocity,  uj(R),  as  compared  with  the 
longitudinal  fluid  velocity,  wi(R),  is  of  order  nR/c,  which  is  small. 

We  will  now  obtain  a  form  for  the  continuity  equation  3-24  with  the 
stipulation  that  u  and  w  are  given  by  equations  3-30  and  3-31.  We  note 


that  from 


u  =  u1(r) 


in(t  -  z/c) 
e 


(3-30) 


we  have 

and 


3u  3ui  in(t  -  z/c) 
3r  ~  3r  6 


u  m  in(t-z/c) 
r  r 


(3-36) 

(3-37) 
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Moreover,  from 


w 


»i(r)  e 


in(t  -  z/c) 


(3-31) 


c.,  3w  ,  in.  in(t  -  z/c) 

vp  find  t—  *  wi  ( - )  e 

3z  1  c 

Substituting  these  values  of  3u/3r,  u/r  and  3w/3z  from  equations  3-36, 
3-37  and  3-38  into  the  continuity  equation  3-24 


3u  ,  u  ,  3w 
3r  r  3z 


0 


(3-24) 


we  find  that 
3u 


3r 


or 


in(t  -  z/c)  +  uj_  gin(t  -  z/c)  _  w  ,in.  gin(t  -  z/c)  _ 
r  1 '  c  ; 

3u  ,  ui  in  . 

r-  +  — L - wi  =  0 

3r  r  c 


(3-39) 


Since  the  magnitude  of  the  radial  component  of  the  fluid  velocity,  uj ,  is  a 
function  of  r  only,  u^  =  uj(r),  we  replace  the  partial  derivative  notation 
with  the  total  derivative  notation  and  write  equation  3-39  in  the  form 


dHL  +  ILL  _  in  w  o 

r  ir  1 


(3-40) 


Moreover,  since  y  =  r/R  and  R(dy)  =  dr,  equation  3-40  has  the  form 

Id,  N  inR 

7  d7<uiy)  “T"1 


(3-41) 


Next,  we  will  obtain  a  special  form  for  the  dynamical  equation  3-26 
under  the  condition  that  the  fluid  parameters  p,  u  and  w  are  as  represented 

by  equations  3-29,  3-30  and  3-31.  From  these  representations  we  find  that 

3u  1  3p  32u  v  3u  ,  v  ,  ,  ... 

the  terms  —, - ,  v  — j,  •-  —  and - j  u  of  equation  3-26  may  be  written 

dt  pg  dr  dr^  r  dr  r*- 


as 


3u  .  .  in(t  -  z/c) 

—  =  uj (in)  e 

1  3p  _  _1_  3 P i  in(t  -  z/c) 

p0  3r  p0  3r 

32u  3 2Uj  in(t  -  z/c) 

V  3r2  “  v  3r2  e 
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_v  jhi  _  v_  9ui  in(t  -  z/c) 


r  3r  r  3r 


v  v  in(t  -  z/c) 

-  -o  u  =  -  -r  ui  e 


Note  that  in  equation  3-26  the  terms  u  and  w  —■  represent  the  inertia 

or  o  z 

terms,  since  they  have  the  dimension  of  acceleration.  Moreover,  we  note  the 
following 

. v  3u  ,  in.  in(t  -  z/c) 

O  »  jj  -  »(-  a 

Thus  the  term  w  —  is  of  order  1/c  as  compared  with  the  linear  terms  in 
equation  3-26  and  may  be  omitted. 


u  "^7  =  ul  e 


in(t  -  z/c)  dui  in(t  -  z/c) 


,inRvdui  2in(t  -  z/c) 

■w‘<T-)ar e 

Thus  the  term  u  is  of  order  1/c  and  may  also  be  neglected. 

3)  32u  _  ,  in,.2  in(t  -  z/c) 

3z2  ~  '  c  *  6 

The  term  32u/3z2  was  omitted  in  equation  3-26,  since  it  is  or  order  1/c2. 
Accordingly,  equation  3-26  reduces  to  the  form 

,,  \  in(t  -  z/c)  1  3Pi  in(t  -  z/c)  .  32ui  in(t  -  z/c) 
ui  (in)  e  =  -  —  e  +  v  e 

Pq  3r  3rz 

.  v  3u;  in(t  -  z/c)  v  in(t  -  z/c) 

+  —  r— 1 -  e  - rui  e 

r  3r  rz  1 


1  3P 


32ui  ,  v  3ui 


/  J  \  X  V  I  I  |  u  U  .  V  V  U  I  V 

(in)ui  - - — L  +  v  r~r 1  +  —  r — 1 - =■ 

1  Pq  3f  3r2  r  3r  r2 


(3-42) 


Since  pi  and  ui  are  functions  of  r  only,  we  write  equation  3-42  in  the  form 


,,  v  1  dp,  d2u,  .  v  dui  v 

(ln,u>  ‘  ^  dT  v  7  dT  '  7?  “i 


(3-43) 
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In  terns  of  the  nondimensional  parameter,  y  =  r/R,  note  that  the  terms 
on  the  right-hand  side  of  equation  3-43  may  be  written  as 


1_  = 

_  _i_ 

PO  dr 

Rp0  dy 

d2m 

v  d2Ui 

V  dr2 

R2  dy2 

v  dm 

v  dm 

rdr 

R2y  dy 

v  \> 

-  r2  Ul  =  -  R2y2  U1 


Thus  equation  3-43  has  the  form 


inuj 


1  dPi  _o_  d2m  v  dui  v 
Rpo  dy  R2  dy2  R2y  dy  R2y2  Ul 


(3-44) 


Multiplying  each  term  of  equation  3-44  by  R2/v,  we  obtain 


dlu! 

dy2 


+  “  T11  +  l3“2“l 

y  dy  1  y^  y  dy 


(3-45) 


Finally,  we  will  obtain  a  special  form  for  the  dynamical  equation 
3-28  under  the  condition  that  the  fluid  parameters  p,  u  and  w  are  as 

9w 

described  by  equations  3-29,  3-30  and  3-31.  We  note  that  the  terms  — , 

— —  4^.,  and  — ~  of  equation  3-28  may  be  written  as 

p0  az’  p0  9r2  p0r  9r 


9w 

9t 


w^in 


in(t  -  z/c) 
e 


_  _L  i£  =  _  A.  0l  /_  is.)  ei«(t  -  z/c) 

Po  9z  p0  c 

U  92w  _  d2wi  in(t  -  z/c)  _v_  d2wi  in(t  -  z/c) 

~ =  V  dr2  6  =  ® 


p0  9r" 


R2  dy2 


jj_  1  _9w  _  v.  dwi  in(t  -  z/c) 
PO  r  9r  r  dr 


v  dwi  in(t  -  z/c) 
R2y  dy  6 


In  equation  3-28  we  omit  the  inertia  terms,  u  —  and  w  —  ,  since  they  are 

o  r  o  z 

of  order  1/c  as  compared  with  the  linear  terms.  Moreover,  the  term  92w/3z2 
is  omitted,  since  it  is  of  order  1/c2.  Thus,  equation  3-28  reduces  to  the 


form 


(in) 


1  ,in,  .  v  d2Wi  .  v  dwi 

T  Pi<T>  +  —  + 


R2  dy2  R2y  dy 


(3-46) 
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Multiplying  each  term  of  equation  3-46  by  R2/v,  we  obtain 


d2wi 

dy2 


1  dwi 
y  dy 


•h  i3a2W! 


i3nR2 

cp 


Pi 


(3-47) 


We  have  seen  in  section  II,  equation  2-13,  that  the  magnitude  of  the 
longitudinal  fluid  velocity  is  of  the  form 


(2-18) 


Since  the  fluid  is  moving  under  the  influence  of  the  fluid  pressure,  p,  we 
may  assume  the  magnituie,  p^,  of  the  pressure  in  the  representation  (3-29) 
to  have  the  form 

pi  =  Aj J0 (ky)  (3-48) 

where  k  is  to  be  determined. 

We  will  now  obtain  the  solution  of  the  dynamical  equation  (3-45). 

With  pj  =  Aj Jq (ky) ,  we  obtain  from  equation  3-45: 


d2ui 

dy2 


_1  du-| 

y  dy 


+  (i3ot2  - 


=  -•[-  AjkJj  (ky)  ] 


(3-49) 


Since  the  furction  J^(ky)  appears  on  the  right-hand  side  of  equation  3-49, 
we  take  the  form  of  the  solution  as 


uj  *  Kj Jj (ky)  (  -50) 

where  is  a  constant  to  be  determined.  Substituting  the  right-hand  side 
of  equation  3-50  into  the  nonhomogeneous  equation  (3-49),  we  obtain 

Kx  [/'(ky)  +  ~  j[  (ky)  +  (i3a2  -  ^)Jl  (ky)  ]  =  Ji(ky)  (3-51 ) 

Adding  and  subtracting  k2Jj(ky)  frem  the  left  uand  side  of  equation  3-51, 
we  have 

Ki  [  j"  (ky)  +  ^  J i  (ky)  -  J]  (ky)  f  k2J](ky)  -  k^^ky) 

-*•  i  3a2J i  (ky)  ]  -  -  Ji(ky) 
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or 


(3-52) 


Ki[0  -  k2J:  (ky)  +  iVjjCky)]  =  -  Jj(ky) 

since  J^(ky)  is  a  solution  of  the  corresponding  homogeneous  equation. 
Solving  equation  3-52  for  K^,  we  obtain 


v.  -  _  / _ 1 _ \ 

J  u  li3ct2  -  k2 ' 

Thus  the  particular  solution  of  equation  3-49  is 

Ul  =  KjJidcy)  =  -  ^  (-i-3-2--j  k?)  Ji(ky) 

The  homogeneous  equation  corresponding  to  equation  3-49  is 

d2ui  ,  1  dui 


+  — 


dy2  y  dy 
The  solution  of  equation  2-54  is 

ui  -  K2Ji (ky) 


(i3a2  -  ^y)ui  =  0 


(3-53) 


(3-54) 


where  is  a  conjtnnt  which  may  be  written  as 


K  C. 

1  J.  (i3M 

by  analogy  with  the  rigid  tube  theory,  section  II.  Thus  the  solution  of 
the  homogeneous  equation  3-54  is 

ui  -  U(^)  ■-  ^  (l  “it 

J.  <A) 

This  is  the  complementary  function. 

The  complete  solution  of  the  nonhomogeneous  equation  (3-49)  is  the 
sum  of  the  two  solutions,  equation  3-53  and  the  complementary  function 
above : 
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(3-55) 


Next,  we  determine  the  solution  of  the  dynamical  equation  (3-47). 
With  pj  =  A1Jg(ky),  we  obtain  from  equation  3-47: 


d2wi 

dy2 


_1  dwi 

y  dy 


+  i3a2W! 


inR2 

cy 


AiJo(ky) 


(3-56) 


Since  the  function  JQ(ky)  appears  on  the  right  side  of  equation  3-56,  we 
take  the  form  of  the  solution  as 


W1  =  K3J0(ky) 


(3-57) 


where  is  a  constant  to  be  determined.  Substituting  the  right-hand  side 
of  equation  3-57  into  the  nonhomo gen eo us  equation  (3-56),  we  obtain 


K3[j'oOcy)  +  i  Jg  (ky)  +  i3a2J0(ky)]  =  _  jQ(ky)  (3_58) 

Adding  and  subtracting  k2J0(ky)  from  the  left-hand  side  of  equation  3-58, 
we  have 


K3  [ Jq  (ky)  4-  ^  jJ(ky)  +  k2JQ(ky)  -  k2JQ(ky) 


3„2T 


+  iV=Jn(ky)]  =  - 


cy 


Jn(ky) 


or 


inR2Ai  T  ,,  s 

v3t-j  -  iv  .j q  v tv> >  -r  j.  u  jq \tv_v/  j  - — —  Jq  (.^y; 


K,[0  -  k2 Jn  (ky)  +  i3a2 Jn  (ky)  ]  =  - 


(3-59) 


Solving  equation  3-59  for  K^,  we  have 


K,  =  - 


ink2Ai  1 


r) 


cy  'i3a2  -  k?- 

Thus  the  particular  solution  of  the  nonhomogeneous  equation  (3-56)  is 


W1  =  K3J0(ky) 


inR^A] 

cy 


(7 


1 


i3a2  .  k2)Vky) 


b9 


(3-60) 


The  homogeneous  equation  corresponding  to  equation  3-56  is 


d2wi  1_  dwi 
dy2  y  dy 


+  i3a2Wi 


=  0 


The  solution  of  equation  3-61  is 


W1  =  K4J0(i3/2ay) 


(3-61) 


where  the  constant,  K4,  may  be  vrritten  in  the  form 

K"  '  J0(i3/2«) 

by  analogy  with  the  rigid  tube  theory.  Thus  the  complementary  function  of 
equation  3-56  is 

wj  =  K4J0(i3/2ay)  =  (3-62) 


The  complete  solution  of  equation  3-56  is  the  sum  of  the  particular  integral, 
equation  3-60,  and  the  complementary  function,  equation  3-62: 


wi 


Cf 


Jo(i3/2ay) 

J0(i3^2«) 


inR2Ai 

CM 


(i'3a'2i-'k'2)J0(ky) 


(3-63) 


Now  we  refer  to  the  equation  of  continuity 


I  _1 

y  dy 


(uiy) 


(3-41) 


Note  that  if  the  representations  for  ui  and  wi ,  obtained  in  equations 
3-55  and  3-63  respectively,  are  substituted  into  the  continuity  equation 
(3-41),  we  should  obtain  an  identity.  Evaluating  the  right. -hand  side  of 
equation  3-41, 


mR 

- —  w> 

c 


inRC]  Jn (i3/2ay) 
C  J0(i3/Za) 


i2n2R3At 

c2y 


( - - - )Jo(ky) 

i3a2  -  k2 


(3-64) 
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Evaluating  the  left-hand  side  of  equation  3-41, 


(3-63) 


71 


For  the  right-hand  sides  of  equations  3-64  and  3-65  to  be  identical,  we  must 


have: 


Co  _  inR 
Ci  cai3/2 


i2n2R3Ai  ,  1  Rk2Ai  ,  1  ,  _  „  .. 

TV  (T"2  -' "k'2)  Jo(ky)  =  ('Pa2“~^)  Jo(ky) 


This  is  the  value  of  k  which  was  to  be  determined.  See  page  67. 


From  the  relation 


J0Uy)  =  io(y) 


where  Iq  is  the  modified  Bessel  function  of  the  first  kind,  the  assumed  form 
of  the  magnitude  of  the  pressure  gradient,  pj,  is 

P|  =  Ax  Jp  (ky)  =  AiJoC1—1)  =  AjIq^)  =  A^q^) 


Moreover,  from  the  relation 


Jl (iy)  =  iii(y) 


we  find,  upon  inserting  k  =  — — ,  that 


J i  (iky)  =  ili(~  y) 


J i  (ky)  =  il !  (~^) 


From  the  relation 


we  note  that 


i2n2R2  n2R2 


lk2|  =Tf 
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Clearly,  the  quantity  (n2R2/c2)  is  small  compared  with  (R2n/v)  -  a2.  For 
t  h 

example,  for  the  6  harmonic  of  the  pulse  frequency  of  the  dog,  we  find  that 
the  quantity 

n2R2  ~  _6_ 
c2  "  101* 


and  the  ratio  of  (n2R2/c2)  to  the  corresponding  value  of  a2  =  (R2n/v)  is  about 
9  x  10~ 3.  We  are  therefore  justified  in  replacing  the  quantity  i3a2  -  k2, 
appearing  in  equations  3-55  and  3-63,  by  i3a2  3  (i3R2n/v).  Moreover,  from 


the  expansion 


X  ^ 

.x.2  (t> 

lo  (x)  =  1  +  (j)  + - +  •  • 

(l2) (22) 


we  note  that  for  small  values  of  x,  disregarding  second  and  higher  powers 
of  x, 

Iq(x)  =  1 


io(^)  =  J0(ky)  =  1 


Similarly,  from  the  expansion 


(— ) 

x  .  V 


ii(x)  =  :■  +  — —  -*•  • 

“  (l2) (2) 

we  note  that  for  small  values  of  x,  disregarding  second  and  higher  powers 


of  x, 


Ii(x)  =  -7 


Il(nSX).gI 


From  the  earlier  relations 


w  =  wi  (r)  e 


in(t  -  z/c) 


(3-31) 


u  =  ui (r)  e 


in(t  -  z/c) 


(3-30) 
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we  note  that 

32w  .  .  .  in.2  in(t  -  z/c) 

^2  ■  — )  e 

32u  ,  w  in.2  in(t  -  z/c) 

^2  -  u,(D(-— )  e 

We  disregarded  (32w/3z2)  and  (32u/3z2)  appearing  in  equations  3-25  and  3-28 
because  they  are  of  order  1/c  .  The  approximations  indicated  in  the  preceding 
paragraph  are  of  the  same  degree  that  is  implicit  in  omitting  the  second-order 
terms  (32w/3z2)  and  (32u/3z2)  from  the  dynamical  equations  3-25  and  3-28. 
Making  the  approximations  indicated  above,  namely 

i3ot2  -  k2  =  i3ot2  =  ----- 

v 

J0(ky)  =  1 

in  equation  3-63,  we  obtain 

ur  ,  C  ■  Vt) 

'  ’  Jo(LV)  \  S^/vl 

-  C  J.1^)  +  k 

'  f“c  <3-66) 

Similarly,  equation  3-3b,  with  the  approximations 

j o  i  9  ^  9  i3R2n 

-  kr  =  x^a^  =  - 

v 

J,(ky>  -  *  i  (2&) 

and 

C?  _  ink 
Ci  i  3/ ^ac' 
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assumes  the  form 


u 

\ 


^  C  J,  (^i) 

i’'Vc  ' 


;y>R  _A, _  i_  nRi 

/*  c  i»ifyr  1  e 


X  J,  ( [  *«■  l)  A,  H 

iv^uc'lj)  f”c  J 


(3-67) 


The  values  of  the  magnitudes  of  the  velocity  components  Wj  and  uj  at  the 
inner  surface  of  the  tube,  i.e.,  at  r  =  R  or  at  y  =  1,  is  obtained  by  setting 
y  =  1  in  equations  3-66  and  3-67.  Thus 


Wj 


-  Ci 


JoI*-/2-g.).  +  Ai_ 

Jq  (±3/2ct)  p0c 


=  Ci 


P0C 


(3-68) 


U1 


inR  _  2J\  (i3/2ot)  Ai 

2c  1  i3/ 2aJo (i3/2a)  pqc 


inR 

2c 


|CiF10(oO  + 


(3-69) 


where 


Flo(a) 


2Ji (i3/2a) 
i3/2aJ0 ( i3/2a) 


In  equation  3-18,  describing  the  motion  of  the 
3w  I 

value  of  —I  .  From  equation  3-63,  we  find  that 
3yi 
ly=l 


tube  wall,  we  need  the 
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where  Dj  and  Ej  are  arbitrary  constants.  According  to  this  description,  the 
deformation  components  are  harmonic  and  have  the  same  frequency  as  the  repre¬ 
sentations  for  p,  u  and  w  described  in  equations  (3-29,  3-30  and  3-31. 

From  the  deformation  components  of  the  tube  wall,  as  described  by  equa¬ 
tions  3-72  and  3-73,  we  shall  obtain  the  boundary  conditions  for  the  magni¬ 
tudes  of  the  fluid  velocity  components  uj  and  wj.  We  recall  the  matching 
boundary  conditions  for  the  fluid  velocity  and  the  deformation  of  the  tube 
wall 
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H  „  , 

un  at  y  =  1 


w  =  |^  at  y  =  1 


(3-21) 

(3-22) 


From  the 

representation 

4 

we  have 

3t 

and 

is. 

3t 

y=l 

Moreover, 

we  know  that  at 

^  =  5(z,t)  =  EX  e 
S.  _  in(t  -  z/c) 


in(t  -  z/c) 


=  inEi  e 


=  inEi  e 


in(t  -  z/c) 


(3-73) 


(3-74) 


W1  =  C1  + 
1  y=l 


w|y=1  =  wj  e 


P0C 

in(t  -  z/c) 


.  L  ,  AjJ  in(t  -  z/c) 

‘  l  1  oocJe 


(3-68) 


(3-75) 


Combining  equations  3-74  and  3-75,  we  have 


inEi  =  Ci  4 
1  P0C 


(3-76) 


Similarly,  from  the  representation 


K  =  £(z,t)  =  Dj  e 


in(t  -  z/c) 


(3-72) 


we  have 


li.  _  .  n  in(t  -  z/c) 

it  "  ln°l  6 


=  inDi  e 


in(t  -  z/c) 


(3-77) 


Moreover,  wt  know  that  at  the  inner  surface  of  the  tube 


_  mR  ,  .  ,  Ai 

1  ~  ciFio(«)  +  777 

1  P0C 


(3-69) 
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and 


“]yl  ■  “1 


in(t  -  z/c'-j 


^[cjF.ota)  +^]. 


(3-78) 


Combining  equations  3-77  and  3-78,  we  have 


n  inR  f. 

nDi  ’  iq1 


CiF10(a)  + 


(3-79) 


Equations  3-76  and  3-79  describe  the  boundary  condition,)  for  u^  and  w^. 

We  shall  now  obtain  the  equations  of  motion  of  the  tube  in  terms  of  the 
harmonic  representations  for  the  fluid  velocity  components  u  and  w,  equations 
3-30  and  3-31,  the  fluid  pressure,  p,  equation  3-29,  and  the  tube  wall  de¬ 
formation  components,  r  and  5,  equations  3-72  and  3-73.  We  recall  the 
equation  of  longitudinal  motion  of  the  tube  wall  in  the  form 


lii  =  £o£[iw  +  o  lit]  +  if iii  +  £  ill 

3t2  phR[3y  *  3z_  =1  p[3z2  R  3zj 


(3-18) 


5  =  Eie 


in(t  -  z/c) 


(3-73) 


we  have 


£§  -  i2n2E1ein^t  '  z/c)  -  -  n2E,eln(t  ‘  z/c) 


32t  i2n2  „  in(t  -  z/c)  n2Ei  in(t  -  z/c) 
312  =  —  Eie  =  -  e 


Next,  from 


K  =  Die 


in(t  -  z/c) 


(3-72) 


we  have 


il  _  inDi  in(t  -  z/c) 


3z  c 


Moreover,  from 


w  =  w(y ,t ,z)  =  wj (y)e 


in(t  -  z/c) 


(3-31) 
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we  have 


Inserting  the  value  of 


dur 


3w  _  8wi  in(t  -  z/c) 
3y  3y  6 


9wi 

3y 


y=l 


obtained  in  equation  3-71,  we  write 


J 


_  C,  iV  F  (if  .  i  nyH  K> 

T  1  +  *  —  fu 

V1  1 

1 

6 


"  (.t  -  z/c) 


Finally,  from 


we  have 


u  =  u(y,z,t)  =  Ui(y)e 


in(t  -  z/c) 


(3-30) 


Si  J 


3 


a 


i/c)  7 


^1 


v 


bsing  the  value  of  uj(y)j^ determined  in  equation  3-69,  we  obtain 


Su 

Si 


tr>R 


c,f„w.  *.](,- ?)e 


>ince 


3u 

3z 


is  of  order  n2R/c2,  we  neglect  this  term  appearing  in  equa- 


y=i 


tion  3-18.  Substituting  the  results  determined  above  into  equation  3-18,  we 
obtain 
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This  equation  is  associated  with  the  iongitudinal  motion  o:  the  tube  wall  in 
terms  of  harmonic  representations  for  u,  w,  £  and 

Next,  we  will  obtain  the  equation  (3-20)  describing  the  motion  of  the 
tube  in  the  radial  direction  in  terms  of  the  harmonic  representations  for  the 
pressure,  p,  equations  3-29  and  3-48,  and  the  tube  wall  deformation  components, 
5  and  £,  equations  3-72  and  3-73.  We  first  recall  equation  3-20 
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according  to  the  approximations  considered  on  page  73.  Moreover,  from 


t,  =  £(z,t)  =  Eje 


in(t  -  z/c) 


(3-73) 


we  have 


3z 


r  in  ^  in(t  -  z/c) 

r>  i 


Finally,  from 


we  have 


£  =  £(z,t)  =  Dxe 


in(t  -  z/c) 


(3-72) 


0  =  -  “2di 


in(t  -  z/c) 


Substituting  the  results  determined  above  into  equation  (3-20) ,  we  obtain 


.  B 
f 


-iff'O  E  + 

L  lie  1  r 


<2 


or 


-r^D  -  Ai  .  P 
tt  T 


-  t(Tr)  E.  + 

1*c  TTJ 


(3-81) 


This  equation  is  associated  with  the  radial  motion  of  the  tube  wall  in  terms 
of  harmonic  representations  for  p,  £  and  £. 


THE  FREQUENCY  EQUATION 

The  equations  3-76,  3-79,  3-80  and  3-81  are  four  homogeneous  equations 
in  the  four  arbitrary  constants  Aj,  Cj,  Di  and  Ej.  This  system  of  equations 
has  solutions  different  from  zero  if  the  determinant  of  the  coefficients  of 
Aj ,  Cj ,  Dj  and  E^  is  zero.  By  setting  this  determinant  equal  to  zero,  we 
obtain  an  algebraic  equation  (3-82)  for  determining  the  wave  velocity,  c,  in 
terms  of  the  elastic  properties  of  the  tube,  the  fluid  parameters  and  the  fre¬ 
quency,  a.  The  algebraic  equation  (3-82)  in  terms  of  c  or,  equivalently, 
equation  3-83  in  terms  of  x  is  called  the  frequency  equation. 

Rearranging  the  terms  in  equations  3-76,  3-79,  3-80  and  3-81  in  the  order 
Ai ,  Cj,  Dj  and  Ej ,  we  write 

+  Ci  +  ODi  -  inEi  =  0  (3-76) 

P  0  c  ■ 


81 


(3-79) 


inR  . 
2pqc2  1 


+  iff  F10cl 


-  inDi  +  OEj  *  0 


A, 

ft 


(3-81) 


W’i? 


A 


-  i «*£*'•  £  C,  -  iqnB  D.  +  ( rf-  =  o 

if  AR  '  f Rc  v  7?/  ' 


(3-80) 


Setting  the  determinant  of  the  coefficients  of  Aj ,  C1 ,  Dj  and  Ej  equal  to 
zero,  we  have 


irfR 

*f.C' 


Ifkc1 


1C 


0  -m 


-IT)  0 


0 


-i(Tr)B 

/?cT> 


=  0 


icrnB 


(3-82) 
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In  the  fourth  row,  second  column  we  note  that 


i Jg^PQV 

2phR 


*10 


_  ippRn 
"  2ph 


To  simplify  this  determinant,  ve  perform  elementary  operations  and  approxi¬ 
mations  and  obtain 


<2[U  -  F10)(l  -  a2)}  -  x[k(l  -  F10)  +  FI0(4  -  2a)  +  2]  +  2k  +  F1( 


0 

(3-83) 


This  is  the  so-called  frequency  equation  in  terms  of  the  variable  x. 


DEDUCTIONS  FROM  THE  FREQUENCY  EQUATION 

The  roots  of  the  quadratic  equation  (3-83)  are 


X  = 


+•  1 
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Now  consider  the  second  term  on  the  right-hand  side  of  equat  a  3-34,  namely, 


where 


H 


2k  +  Fin  =  1  +  2k  -  1  +  Fm  _  ,1  +  2k 
1  -  Fio  1  “  ^10  1  “  Fjo 


Thus  we  may  write  equation  3-84  in  the  form 


G'-  (,-j*)  \\ 


Vv 


(3-85) 
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where 


*  _  cr 


h 


(3-86) 


-  «*(' fi)-' 

We  recall  the  foil  .’wing  notation 


Accordingly  we  write 


85 


(  m  ,;w) 


Cm 


(3-88) 


Since  c'iq(oO  and  M^0(a)  are  known,  we  note  from  equations  3-85,  3-86  and  3-87 
that  all  the  quantities  for  determining  the  roots  of  the  frequency  equation 


are  known. 


Fu  M 


t'4*  J0  (tV) 


we  note  that  Fiq(ci)  is  always  complex. 

Moreover,  from  equations  3-86  and  3-87  we  note  that  since  G  and  H  are  ex¬ 
pressed  in  terms  of  (1  -  Fjg)  it  follows  that  both  G  and  H  are  always  complex. 
Finally,  from  equation  3-85,  since  x  is  expressed  in  terms  of  G  and  H,  we 
conclude  that  x  is  always  complex.  Therefore,  the  motion  of  the  liquid  is 
either  damped  or  unstable. 

From  equations  3-85,  3-87  and  3-88  we  write 


-  L  *•«,  0*) 

-a)  £_ _ 

m:  m 


(‘  *r-i) 


(3-89) 


-  L  (*) 

m,:  (.) 

We  may  also  write  equation  3-85  in  the  form 

(,'-<0*  =  G  [  i  i  [  i  -  *1  <3-91 
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Note  that  the  sign  of  t  le  arg  x  is  determined  by  the  sign  of  the  arg  G  and 
sine  ;  arg  G  is  always  negative,  it  follows  that  the  motion  is  damped. 


DAMPING  OF  THE  PULSE  WAVE 


We  recall  the  substitutions  x  =  kB/pc2  and  k  =  ph/Rpg. 

may  write  x  -  (~— )->r  and  since  B  =  ~ - — y  ,  we  have 
J  RpO  1  -  a2  ’ 


From  these  we 


or 


hE  ,  1  ,1 

X  =  Rp  0  1  -  a2  c2 

jc  _  A  hE  v  .  1  _ .  1 

2  "  4  Rp0Hl  -  o2)c2 


or 


/i  OxX  /l  hE 
(1  -  o~)~  =  (y 


RpO^c2 


(3-92) 


Now,  the  simplest  expression  for  the  velocity  of  propagation  of  a  pressure 
pulse  is  given  by  the  Moens-Korteweg  formula 


hF  3  /2 

co  -  O  (3~93) 

This  formula  is  based  upon  the  following  assumptions: 

1.  The  tube  is  thin-walled,  i.e.,  h  <<  R. 

2.  The  fluid  is  incompressible,  i.e.,  its  bulk  modulus  is  high 
compared  with  E. 

3.  The  fluid  is  inviscid. 

The  first  two  assumptions  above, are  reasonable  approximations  for  blood  in  an 
artery  for  which  n/2R  <  0.1.  Moreover,  the  bulk  modulus  of  water  is  from 
103  to  104  times  greater  than  E,  the  Young's  modulus  of  the  arterial  wall. 
Regarding  the  third  assumption  above,  we  note  that  the  effect  of  the  viscosity 
of  the  fluid  is  great  in  small  tubes  and  at  low  frequencies.  However,  in 
tubes  comparable  with  the  larger  arteries,  viscosity  has  the  effect  of  reduc¬ 
ing  the  predicted  velocity  by  5-10  per  cent.  This  is  equivalent  to  multi¬ 
plying  the  right-hand  side  of  equation  3-93  by  a  constant  ranging  in  value 
from  0.9  to  0.95.  Combining  equations  3-92  end  3-93,  we  write 

(1  -  o2)f  =  (3-94) 
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Here,  cp  is  real  and  c  is  complex,  cq  denotes  the  velocity  of  wave  propa¬ 
gation  in  an  incompressible  inviscid  fluid  enclosed  in  a  thin-walled  elastic 
tube  and  c  is  the  complex  velocity  of  wave  propagation. 

Combining  equations  3-85  and  3-94,  we  write 


The  solutions  of  this  equation  represent  two  types  of  waves.  One  soluticv 
of  t.ie  frequency  equation  represents  outgoing  waves  in  the  positive  z  direc¬ 
tion.  The  other  solution  represents  incoming  waves.  We  consider  only  out¬ 
going  waves  and  therefore  consider  the  plus  sign  only  in  the  above  equation. 
In  order  to  obtain  c  from  equation  3-94,  we  take  square'  root  a  and  write 
cq/c  in  complex  form  as 


(1  -  c^)f 


1/2 


iY 


where  X  is  the  real  part  of  cg/c  and  may  be  considered  as  the  wave  speed 
parameter.  Y,  the  imaginary  part  of  cq/c,  may  be  considered  as  the  wave 
damping  parameter.  For  convenience,  we  may  write 


X  =  Real  (cq/c)  =  Cq  Real  (1/c)  - - -  -  c'q/ci  t  3—95') 

Real  (1/c) 

Thus  the  phase  velocity  of  the  pressure  wave  or  the  measured  pulse  velocity, 
Ci,  Is  given  by 

c i /c0  =  1/X 

Since  a  vibrating  system  has  its  own  inherent  unit  of  time,  namely  its 

period,  it  is  logical  to  refer  to  properties  of  the  pressure  wave  "pet  period’ 

(or  over  one  wavelength)  rather  than  "per  second."  One  characteristic  on 

this  basis  is  the  decay  of  the  pressure  wave  over  one  wavelength.  If  can  be 

-2ttY 

shown  that  the  factor  exp  — — }  determines  the  decay  of  the  oscillation  ever 

A 

one  wavelength. 
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The  decay  of  the  disturbance  or  the  slowing  of  the  pulse-wave  velocity 
must  be  associated  with  increased  damping.  Figure  23  shows  the  variation  of 
the  damping  of  the  wave  with  respect  to  the  frequency,  a.  Note  that  the 
damping  is  much  greater  for  small  values  of  a  and  is  100  per  cent  for  a  <  1. 

In  larger  mammals,  such  values  of  damping  are  obtained  for  the  fundamental 
wave  in  vessels  like  the  saphenous  artery  (in  the  dog,  a  =  0.8  to  1.0).  This 
is  the  physical  basis  for  accounting  for  the  disappearance  of  the  pulse  wave 
in  the  arteriales  even  though  their  length  is  a  small  fraction  of  a  wavelength. 

The  variation  of  the  wave  velocity  ratio,  c\/cq,  with  respect  to  the 
n  ^  /2 

frequency,  a  =  R(— )  ,  is  shown  in  figure  24.  Note  that  the  value  of  cj/cq 

increases  with  the  tube  radius,  R,  md  the  square  root  of  the  frequency  of 
oscillation,  n.  According  to  figure  24,  for  values  of  a  -  3,  which  represents 
a  vessel  of  the  size  of  the  femoral  artery,  the  magnitude  of  the  wave  velocity, 
icj  -  0.9  Cq*  In  vessels  of  larger  radius  or  at  higher  frequencies,  a  >  3, 
the  magnitude  of  the  wave  velocity,  c,  gradually  increases  to  a  value  of  about 
9.95  C().  Thus,  in  the  larger  vessels,  the  slowing  effect  of  the  pulse  wave 
due  to  viscosity  is  relatively  small. 


Izj 

a  * 


Figure  23.  Variation  of  the  damping  factor  with  respect  to  a. 
The  ordinate  represents  the  fracti>n  of  the  wave  remaining 
after  traveling  over  one  wave-length.  Note  that  the  damping 
is  much  greater  for  small  values  of  a  and  is  100  per  cent 
for  ct  <•  1  . 
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Figure  24.  Variation  of  c^cg  with  respect  to  a.  Note  that  for 
values  of  a  greater  thar  3,  which  are  those  of  greatest  practical 
interest,  the  change  in  the  velocity  ratio,  cj/cq,  with  respect 
to  a  is  quite  small. 

From  the  preceding  discussion,  we  observe  that  the  relation  of  damping 
of  the  pulse  wave,  c,  to  the  radius  of  the  tube  and  the  frequency  of  the  wave 
is  very  important.  The  importance  of  the  dependence  of  damping  on  the  fre¬ 
quency  may  be  seen  as  follows.  Consider  a  tube  of  onstant  radius.  Accord¬ 
ing  to  figure  24,  we  find  that  in  a  viscous  fluid  the  wave  velocity,  c, 
increases  with  a,  i.e.,  with  the  frequency  of  oscillation,  n.  From  figure  23 
we  note  that  the  damping  of  the  wave  per  wavelength  decreases  wi“n  a.  How¬ 
ever,  with  increasing  frequency  ,  the  wavelength  becomes  shorter.  Now,  since 

wave  velocity  =  (wavelength) (frequency) 

I'  and  the  wave  velocity  changes  with  frequency,  the  net  effect  is  that  the  wave- 

-  length  always  deceases  with  frequency. 

*  From  the  practical  point  of  view,  we  need  also  to  consider  damping  in 

i  terms  of  distance,  i.e.,  over  the  length  of  a  tube.  In  table  1,  values  of 

the  velocity  ratio,  cL/c$,  are  indicated  for  a  tube  length  of  10  cm  for  the 

i 
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first  four  harmonics  of  the  pulse  of  the  dog,  in  the  femoral  artery.  These 
values  are  obtained  for  ..  =  h/R  =  0.1,  a  =  1/2  and  a  *  0.  In  the  table,  the 
reduction  in  amplitude  is  denoted  by  fj  *  exp  (— j~)  and  f2  a  exp 
with  z  =  10  cm.  Note  that  the  percentage  damping  increases  with  the  frequency 
even  though  the  wave  velocity  increases.  Thu9  for  a  **  3.34,  a  =  1/2,  and  the 
femoral  artery  considered  as  a  free  elastic  tube,  the  wave  velocity  ratio 
| c/co |  *  0.914  and  the  amplitude  of  the  wave  is  damped  to  27.4%  of  its  initial 
value  in  one  wavelength.  This  represents  a  damping  of  5.4%  in  a  10-cm  length. 
For  a  =  6.67,  | c/cq |  =  0.942,  the  amplitude  of  the  wave  is  reduced  to  63.6% 
in  one  wavelength  and  the  damping  is  increased  to  7.5%.  One  would  expect 
that  such  diminuations  in  amplitude  would  have  been  observed  and  remarked 
upon,  but  until  more  accurate  observations  are  available  it  is  not  possible 
to  say  with  certainty  that  this  degree  of  damping  is  greater  than  that  which 
exists  in  the  arterial  system.  In  practical  observations  it  might  well  be 
masked  by  the  change  in  shape  of  the  pulse  as  it  travels. 

TABLE  I 

The  valuta  of  ci/co  and  damping  ratios  for  k  =  0.1  and 
a  tube  length  of  10  cm  for  the  first  four  harmonics 
of  the  pulse  of  the  dog  in  the  femoral  artery. 


It 

jr 

or  =  o 

OC 

ci/c0 

tw 

f2 

®j/co 

** 

3.34 

0.914 

0.274 

0.946 

0.842 

0.132 

0.9 17 

4.72 

0.924 

0.472 

0.938 

0.876 

0.294 

0 . 9UC 

5.78 

0.936 

0.565 

C .  929 

0.894 

0.381 

0.883 

6.67 

0.942 

0.636 

0.925 

0.906 

0.442 

0  870 
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It  is  well  known  that  the  pulse  wave  generated  by  the  heart  contains 
harmonics  of  several  frequencies.  According  to  the  above  discussion,  the 
higher  frequency  waves  will  travel  faster  than  the  lower  frequency  waves. 
Hence,  the  phase  relations  of  the  harmonic  components  will  change  and  alter 
the  shape  of  the  pulse  wave  by  dispersion.  However,  at  the  same  time,  the 
higher  frequencies  will  be  damped  out  first.  Thus,  as  the  pulse  wave  travels 
toward  the  periphery,  its  high  frequency  components  will  vanish.  For  example, 
the  incisura  of  the  central  aortic  pulse  becomes  damped  out  rapidly. 


GROUP  VELOCITY  OF  THE  PULSE  WAVE 


Suppose  the  medium  through  which  the  pulse  wave  travels  is  such  that 
the  wave  velocity  is  a  function  of  frequency.  In  such  a  medium  the  wave 
pulses  will  therefore  always  be  deformed  because  their  different  components 
move  with  different  velocities.  Whenever  we  directly  measure  the  velccity 
of  such  a  complex  wave  motion,  in  the  sense  that  a  measurement  is  made  of 
the  time  required  for  the  disturbance  to  travel  a  given  distance,  we  are 
essentially  measuring  the  group  velocity  of  the  wave,  i.e.,  the  velociLy  of 
the  wave  profile  rather  than  the  wave  velocity,  c. 

Earlier,  we  had  described  the  motion  of  the  fluid  at  any  insr.ant  by 
ein(t  z/c).  instead,  the  motion  is  described  by  e^nt  mz\  up0n 

comparison,  we  note  that  m  =  nX/cg.  From  the  definition  of  the  group  ve¬ 
locity,  c  =  dn/dm,  we  find  that  —  =  - =  —  +  (~)~  . 
g  cg  dn  c0  vc0  dn 

Since  n  =  — and  dn  =  0^r)da.  Combining  these  results,  we 
find  that 


C „ 


X 

C„ 


+ 


2C°  ** 


d  d. 


X 

C. 


JX 

did 


9?. 


I 

I 

l 


Since  X  =  Cq/cj,  this  may  be  written  as 

(i-\U  1 
Ux/  <mJ 


/  0^  \  o/X  ]  0-56) 

Ux)  7i  . 


In  equation  3-96,  the  analytical  torn  of  dX/dct  is  unsuitable  for  compu¬ 
tation  However,  we  note  that  if  we  consider  the  logarithms  of  X  and  a  in¬ 
stead  (see  figure  25) ,  then 

jiiijO  .  j_x) 

U) 

Thus  it  is  possible  to  estimate  the  magnitude  of  dX/da. 

From  figure  25,  note  that  for  those  values  of  a  which  apply  to  the 
femoral  artery,  3  <  a  <  7, 


_  --  li\  41 

<4$.  I X  /  <4* 


iW) 

J  ih*) 


j 


3  <  *  <  7 


-  o.oit.5" 
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and  the  ratio 


£ 

1  J  3  <  ol  <  7 


Thus  the  difference  between  the  group  velocity  and  pulse  velocity  of  the  dis¬ 
turbance  is  approximately  2%,  and  over  the  range  a  *  3  to  a  *  4  is  certainly 
never  more  than  2-1/2%.  Until  accurate  measurements  of  pulse  velocity  are 
made  over  short  lengths  of  artery,  this  difference  is  not  likely  to  be  worth 
taking  into  account. 
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SECTION  IV 


EFFECTS  OF  MASS  LOADING,  TETHERING  AND  INTERNAL  DAMPING 

INTRODUCTION 

The  equations  of  the  preceding  chapter,  describing  the  freely-moving 
elastic  tube,  predict  longitudinal  motion  of  the  tube  which  is  too  large  to 
be  realistic.  In  this  section  we  consider  a  more  faithful  representation  of 
the  mammalian  arteries.  To  this  end  we  modify  the  equations  of  motion  of 
the  elastic  tube  to  take  into  account  the  additional  mass  of  the  tube  which 
takes  no  part  in  elastic  deformation,  elastic  constraint,  since  the  arteries 
are  tethered,  and  internal  damping,  since  the  material  of  the  wall  is  not 
perfectly  elastic.  We  also  obtain  expressions  describing  the  phase  velocity 
of  the  pressure  wave  and  its  attenuation,  which  includes  the  effect  of  tube 
wall  viscosity. 

TUBE  WITH  ADDITIONAL  MASS 

We  have  to  take  into  account  the  fact  that  the  arteries  are  surrounded 
by  a  tissue  mass.  To  incorporate  this  reality,  we  assume  that  the  additional 
tissue  mass  is  uniformly  distributed  about  the  tube  and  takes  no  part  in  the 
elastic  deformation.  Accordingly,  the  inertia  of  the  tube  is  increased. 

In  order  to  represent  the  effect  of  additional  tissue  mass,  we  write 


effective  mass  of 

(mass  of 

4. 

cl 

mass  of 

artery  +  tissue 

[artery 

T 

tissue 

For  a  given  length,  i,  of  tube  we  may  write  this  relation  as: 


Pe(H'ReSl)  =  p(hRfc)  +  p1(h1R1l) 


where 


pg  effective  density  of  artery  +  tissue 

p  density  of  artery 

p^  density  of  tissue 

H'  effective  thickness  of  artery  +  tissue 

h  thickness  of  artery 

h^  thickness  of  tissue 

R^  effective  radius  of  artery  +  tissue 

radius  of  tissue  (added  mass) 


(4-1) 
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Assuming  that 

1)  effective  density  of  artery  +  tissue  =  density  of  artery,  pg  =  p, 

2)  effective  radius  of  artery  +  tissue  =  radius  of  artery,  Rg  =  R, 
we  may  write  equation  4*1  as 

p  (H'RJl)  =  p(hRfc)  +  PiOijRjJl) 

Dividing  through  by  pR£,  we  obtain 


H 


/ 


9 

h 


i  t  «.  ( 

TV  f-R  /J 


(4-2) 


TU„E  WITH  ELASTIC  CONSTRAINT 

For  a  more  faithful  representation  of  the  arteries  in  situ,  we  will  now 
take  into  account  the  fact  that  the  tube  wall  with  the  additional  tissue  mass 
is  attached  to  its  surroundings.  We  will  assume  that  such  an  elastic  con¬ 
straint  acts  strictly  in  the  longitudinal  direction.  The  motion  in  the 
radial  direction  will  be  considered  unrestricted. 

We  recall  the  equation  of  motion  of  the  longitudinal  displacement  of 
che  freely  moving  elastic  tube  (which  includes  the  effects  of  fluid  pressure 
and  surface  traction)  in  the  form 

A  -  ( (jl  \  V  + 

~btx  \  P/TR  [  7>l 

If  the  tube  is  considered  to  be  constrained  along  its  longitudinal  axis, 
then  9u/8z  =  0  in  equation  3-18.  Moreover,  if  we  include  the  effect  of 
mass-loading  and  longitudinal  constraint,  the  equation  of  motion  for  the 
longitudinal  disn I acement ,  r ,  of  the  tube  will  have  the  modified  form 


+ 


(3-18) 
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(4-3) 


Comparing  equation  4-3  with  equation  3-18,  we  observe  the  following. 

1)  The  second  factor  on  the  left-hand  side  represents  the  "spring 
effect"  per  unit  mass  due  to  the  elastic  constraint  in  the  longi¬ 
tudinal  direction.  Note  that :  force  due  to  elastic  constraint  per 
unit  mass  *  spring  effect  per  unit  mass 


spring  constant) 


longitudinal  dispJacement 
of  tube 


=  natural  circular  frequency  2  longitudi, al  displacement 
of  elastic  constraint  of  tube 


=  m2?. 

The  modification  in  the  second  term  on  the  right-hand  side  cf 
equation  4-3,  as  compared  with  the  corresponding  term  in  equa¬ 
tion  3-18,  is  on  account  of  the  inclusion  of  the  tissue  mass. 

We  recall  that  when  the  f  ibe  thickness  was  h,  the  relation  be¬ 
tween  the  longitudinal  force,  P,  and  the  corresponding  disp  ace- 
ment  which  is  based  upon  inertia  concepts  i3  of  the  form 


32C  =  3P 


(3-12) 


If  the  tissue  mass  is  also  taken  into  account,  this  affects  the  inertia  of 
the  tube  and  therefore  equation  3-12  has  to  be  modified  to  the  form 


Ill . 

dt2  dz 


(4-4) 


where  H'  is  the  effective  thickness  of  the  tube  with  tirsue  mass.  However, 
equation  3-10,  which  is  not  based  upon  inertia  concepts,  remains  unchanged 
when  the  additional  tissue  mass  is  included.  Thus,  for  the  tube  with  ad¬ 
ditional  tissue  mass,  we  have 


P-BMf +  f) 


(3-10) 


from  which  we  write 


=  (- LLi  4.  --  lit) 

3z  BM3z2  R  dz’ 


(4-5) 
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Combining  equations  4-4  and  4-5,  we  have 


or 

lis.  =  Bh_f  iii  +  1&) 

3t2  pH* '3z2  R  3z' 

We  now  use  equation  4-3,  denoting  the  reduced  longitudinal  motion  of  the 
tube,  taking  into  account  the  additional  tissue  mass  and  longitudinal  con¬ 
straint,  instead  of  equation  3-18,  describing  the  motion  of  the  freely  moving 
elastic  tube.  The  equation,  corresponding  to  equation  3-80  as  a  result  of 
this  replacement,  is  combined  with  equations  3-76,  3-79  and  3-81  to  determine 
a  frequency  equation  corresponding  to  equation  3-83.  Performing  the  algebra, 
we  find  that  the  form  of  the  frequency  equation  corresponding  to  equation 
3-84  describing  the  wave  velocity  remains  unchanged.  This  unchanged  form  is 

(1  -  a2)x2  +  2Gx  +  H  =  0 

where 


(4-6) 
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Note  that  there  is  a  difference  in  the  description  of  the  wall-thickness 
ratio,  k' ,  for  the  tube  with  additional  mass  and  longitudinal  constrainc  as 
given  by  equation  4-6  and  the  definition  of  the  wall-thickness  ratio,  k  = 
h/R,  for  the  freely-moving  elastic  tube. 

We  may  draw  the  following  conclusions  from  equation  4-6: 

1)  If  the  frequency  of  oscillation  of  the  flowing  fluid  is  the  same  as 
the  natural  frequency  of  the  tube,  n  =  m,  then  k'  *  H'/R  *  0.  This  implies 
that  the  thickness  of  the  tube  is  zero,  i.e.,  the  mass  of  the  cube  is  zero. 
The  condition  n  *  m  describes  the  condition  of  resonance. 


2)  If  the  longitudinal  constraint  is  considered  to  be  fairly  stiff, 
i.e.,  the  tube  is  considered  to  be  partially  restrained  in  the  lorgitudinal 
direction,  then  m  >  n  and  the  value  of  k'  will  be  finite  and  negative. 

3)  If  the  longitudinal  constraint  is  considered  to  be  very  stiff, 
i.e.,  the  tube  is  considered  to  be  completely  restrained  in  the  longitudinal 
direction,  then  m  >>  n  and  k'  ■+  - 


In  the  original  frequency  equation 


(1  -  o2)(l  -  F10)x2  -  x{2  +  k(l  -  F10)  +  F10(i  -  2a)}  +  F10  +  2k  =  0 


we  find  upon  expanding  and  dividing  by  k 

,2 


(1  -  a2)(l  -  ?xo)\  -  -  x(l  -  F10)  -  f  F10(~  -  2a)  +  ^  +  2  = 


(3-83) 


(4-7) 


In  equation  4-7,  if  we  read  k  as  k'  and  consider  the  limiting  condition  of 
very  stiff  constraint  described  by  k'  ->•  -  °°,  we  find  that 

— x (1  -  F10)  +2  =  0 


or 


Combining  equation  4-8  with  equation  3-94 


SSL  = 
c 


[(1  -  a2)f] 


1/2 


we  find  that 


or 


1  -  F10 


(1  -  o2)f 


SSL  =  (Lz 1 
c  (1  - 


1/2 


(4-8) 


(3-94) 


(4-9) 
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From  the  earlier  relation 


(3-88) 


we  note  that 


2 


L  ydvY>  fcjo  C°0 


Therefore 


Co 

c 


i-a1" 

'/a 

-  M' 

lo 

~  ”2. 

L  2  J 

(4-10) 
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From  equation  4-10,  we  find  that 


X  .. 

V  - 

2tt  Y 

If  the  amplitude  of  the  wave  is  reduced  xn  the  ratio  exp  { - — }  for  each 

A. 

wavelength  of  travel,  the  damping  coefficient,  2irY/X,  is  given  by 


Moreover,  the  phase  velocity,  c^,  is  given  by 

ci  =  c0/X 


-ID 
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is  shown  in 


(  R2n 

The  variation  of  the  ratio  ci/cg  with  frequency  o  =  (— “) 

figure  26  for  the  values  a  =  1/2,  k*  =  0,  -2,  -<*>.  For  the  same  tube  and  fluid, 
figure  27  indicates  the  variation  of  the  transmission  or  damping  per  wave¬ 
length  of  the  pressure  wave  with  respect  to  frequency,  a,  as  it  travels  through 
the  tube.  Note  that  the  value  of  the  ratio  Cj/cg  for  the  constrained  tube 
does  rot  tend  to  1  as  a  •>  ®,  i.e.,  the  value  of  c^  does  not  tend  to  eg  as 
a  -*■  00 .  In  fact,  from  equation  4-11,  for  o  =  1/2  and  with  reference  to  the 
asymptotic  expansions  of  Mig(a)  and  e|g(ot), 

limit  =  limit  —  [M^  (a)  ]1^2sec 

On  £ 

a  ->■  00  u  ct  -v  oo  /3 

-  limit  [Mj  q  (ot)  j limit  sec  — ^  ^ 

^3  a  -►00  Qt  -►  GO 

=  ~  (D(l) 

/3 


C. 


Figure  26.  Variation  of  the  phase  velocity  with  respect  to  a  under 
the  following  conditions  of  longitudinal  constraint  and  Poisson's 
ratio:  Curve  A:  k  =  0,  unconstrained  tube  and  a  =  1/2 

Curve  B:  k  =  -2,  tube  with  small  constraint  and  a  =  1/2 
Curve  C:  k  ~  -°°,  completely  constrained  tube  and  a  =  1/2 

NOTE:  Although  the  asymptotic  value  of  cj  for  the  constrained  tube 
is  1.155  c g ,  chit  value  is  attained  very  slowly,  and  for  moderate  vclues 
of  a,  ci  =  c0  approximately  ior  all  a  >  4, 
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0  I  2^456^89  10  a 

Figure  27.  Variation  in  damping  of  the  wave  velocity  with  respect 
to  a  under  the  following  conditions  of  longitudinal  constraint  and 
Poisson's  ratio: 

Curve  A;  k  -  0,  unconstrained  tube  and  a  =  1/2 

Curve  B:  k  ■  -2,  tube  with  small  constraint  and  a  “  1/2 

Curve  C:  k  =  -<*>,  completely  constrained  tube  and  a  =  1/2 

In  figure  26,  all  three  curves  coincide  for  a  <  2  and  the  curve  for  the 
completely  constrained  tube  is  higher  than  the  other  two  curves  for  a  >  2. 

For  small  values  of  k,  the  variation  of  cj/cq  with  a  is  not  sensitive  to 
variations  in  k.  Moreover,  from  figure  26,  the  value  of  the  phase  velocity, 
Ci,  in  a  free  elastic  tube  approaches  the  value  cj  as  a  +  <*,  This  is  due  to 
the  fact  that  for  high  values  of  a,  the  motion  of  the  fluid  is  determined 
entirely  by  the  inertial  properties,  since  the  effects  of  viscosity  may  be 
neglected.  We  thus  have  a  situation  which  corresponds  to  the  Moens-Korteweg 
formula  which  describes  the  velocity,  ct>,  of  wave  transmission  in  an  incom¬ 
pressible,  nonviscous  fluid,  enclosed  in  a  thin-walled  elastic  tube.  Accord¬ 
ing  to  this  formula,  waves  of  all  frequencies  are  propagated  at  a  constant 
velocity,  cq ,  and  are  not  attenuated  in  travel  along  the  tube. 


TUBE  WITH  INTERNAL  DAMPING 

In  a  freely  moving  elastic  tube,  the  viscous  drag  of  the  fluid  would 
cause  the  tube  to  move  in  the  longitudinal  direction.  Since  this  movement 
is  not  observed  in  the  arteries,  we  must  modify  the  equations  of  motion  of 
the  tube  to  account  for  the  internal  damping  in  the  wall  of  the  tube.  To 
this  end,  we  replace  une  elastic  constants  E  and  a  of  the  tube  material, 
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which  do  not  vary  with  the  frequency  of  oscillation  of  the  system,  with  com¬ 
plex  quantities,  Ec  and  0^,  which  vary  with  the  frequen<  7  n. 

In  order  to  obtain  the  appropriate  representation  for  Ec  in  terms  of  E, 
we  consider  the  equation  satisfied  by  longitudinal  waves  in  an  elastic  bar 

32u  9 

a  8T2- 

where  a2  =  E/p.  A  solution  of  this  equation  is  of  the  form 

u  (at)  ,  |\(2 


) 

(4-12) 


where  A  is  an  arbitrary  constant.  In  equation  4-12,  describing  the  longi¬ 
tudinal  propagation  of  waves,  if  we  replace  E  (a2  =  E/p)  by  Ec,  where  E£  is 
complex,  the  imaginary  part  of  E£  must  be  positive  if  the  motion  is  to  be 
damped.  Accordingly,  we  write  the  elastic  quantities  of  the  viscoelastic 
wall  in  the  form 


Ec  =  E[1  +  in(AE) ]  (4-13) 

0c  =  o[l  +  in(Arr')l  (4-14) 


From  equation  4-14,  | a c [  =  |a|  |l  +  in  Aa|  and  since  |l  +  in  Ao|  -  1, 
it  follows  that  for  0  =  1/2,  | a  |  -  j 0  j  =  1/2.  As  a  question  of  principle, 
since  Poisson's  ratio  for  arterial  tissue  is  known  to  be  almost  exactly  1/2, 
the  theoretical  maximum,  the  representation  for  o^,  according  to  equation 
4-14,  may  not  be  considered  appropriate.  However,  if  we  write  the  repre¬ 
sentation  for  0  in  the  form 
c 


mb 

0  =  p  e 

c 


(4-15) 


where  6  is  a  parameter  which  measures  the  change  in  the  value  of  0,  then 

k,i  "  M  i ein<r’ j  =  |o| 


In  particular  for'  3  =  1/2,  j  ac }  =  j  a ]  =  1/2.  Of  the  two  representations 
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for  oc,  equations  4-14  and  4-15,  we  shall  use  equation  4-14. 

We  shall  now  determine  the  effect  of  internal  damping,  i.e.,  the  effect 

of  changes  of  E  and  a  respectively  to  E£  and  ac>  on  the  roots  of  the  frequency 

equation  3-83,  i.e.,  on  the  value  of  cq/c.  We  shall  consider  the  following 

two  cases:  Case  I.  The  effect  of  internal  damping  on  the  roots  of  the 

special  form  of  the  frequency  equation  for  the  limiting  condition  of  very 

stiff  constraint.  Case  II.  The  effect  of  internal  damping  on  the  roots  of 

the  general  form  of  the  frequency  equation. 

Case_I.  We  know  that  one  of  the  roots  of  the  frequency  equation  is  cq/c. 

With  the  modifications  of  E  and  a  respectively  to  E  and  a  ,  it  is  clear  that 

c  c 

c  is  not  affected,  since  it  is  a  constant.  However,  the  value  of  c  is  modi- 
o 

fied.  We  denote  this  modified  value  of  c  by  c  .  As  a  result,  we  have  a  new 

c 

ratio  CQ/CC  and  we  may  write  this  new  ratio  in  terms  of  the  old  ratio  co/c, 
as 


For  the  limiting  condition  of  stiff  constraint,  we  recall  that 


Moreover,  we  recall  that 


(<£)  „  (1  _  cj2  )  f 


(3-94) 


X  -- 


u 


HIM  tz) 


VuJV  i-<rxA  f< 


Substituting  this  value  of  x  in  equation  3-94  and  taking  p  =  PQ.  we  obtain 


Co 

c 


lkf  CL(|-Cp) 


u  ^ 

a  fcij 


106 


Now,  the  ratio  cq/c  corresponds  to  real  values  of  the  ti'be  parameters 
E  and  0  and  the  ratio  CQ/CC  corresponds  to  the  complex  parame.w  s  and  ac< 
Moreover,  from  the  relation 


(4-16) 


we  may  write  for  the  new  ratio,  c^/c^,  corresponding  to  the  complex 
parameter,  E£ 


Co 

c 


c 


(4-17) 


Taking  toe  ratios  of  the  corresponding  sides  of  equations  4-16  and  4-17,  we 
obtain 


i 

C 


'4 


c 


Vx 


or 


Co 

c 
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Vx 

/ 

/  + In  bE 

(4-18) 


From  equation  4-18  we  have,  upon  multiplying  and  dividing  the  right-hand  side 
by  (1  -  a2)1/2 


l-G 


x 


2tY\tf 

\-cr 
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where  we  have  used  the  binomial  expansion  and  considered  the  products  nAE 
and  nAo  as  small. 

In  equation  4-19,  if  we  take  a  =  1/2,  then 


and 


(1  -  a2) 


1/2  _  /3 
2 


Moreover,  from  equation  3-88,  if  we  write 
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then  equation  4-19  reduces  to  the  form 


(4-20) 


Equation  4-20  describes  the  wave  velocity,  c,  for  complete  longitudinal 
tethering,  (k'  ■+■  -®),  with  complex  tube  parameters  E£  and  ac,  a  =  1/2, 
and  AE  and  Aa  considered  small. 

The  rest  of  the  discussion  in  this  section  follows  the  work  of  Taylor 
(Taylor,  1959).  For  convenience,  we  may  write  equation  4-20  in  the  abbreviated 
form: 

c 

-  (X  -  iY) [1  -  in  N]  =  X  -  nYN  -  i(Y  +  nXN) 

We  compare  this  expression  for  cq/c  with  complex  tube  parameters  or  tube  with 
viscoelastic  wall  with  the  expression  for  cq/c  with  elastic  wall  and  complete 
longitudinal  tethering 

.  x  -  n 

C 

For  the  elastic  case,  the  phase  velocity  is  given  by 

£±  »  I 
c0  X 


and  for  the  viscoelastic  case 


We  find  that  there  is  an  increase  in  t.he  phase  velocity  for  the  viscoelastic 

case  as  compared  with  the  elastic  case. 

Moreover,  the  damping  per  wavelength  for  the  elastic  case  is  described  by 

,  2n  Y 
exp  {-  -y} 
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and  for  the  viscoelastic  case 


b 

|  -iTlV 

r  i  1 

1 

l  X 

I 

z 

>* 

1 

j 

We  note  an  increase  in  damping  per  wavelength  in  the  viscoelastic  case  as 
compared  with  the  elastic  case. 


The  influence  of  tube-wall  viscosity  depends  upon  the  value  of  a  (i.e., 
the  frequency)  involved.  See  figure  28.  For  small  values  of  a,  the  ratio 
Y/X  is  large  or  near  unity.  Generally,  since  the  product  nN  is  small,  the 
difference  in  the  phase  velocities  in  the  elastic  and  viscoelastic  cases  is 
small.  However,  for  large  values  of  a,  the  damping  per  wavelength  is  very 
sensitive  to  tube-wall  viscosity,  since,  in  this  case,  the  value  of  the  ratio 
Y/X  decreases  and  hence,  X/Y  in  the  numerator  of  the  last  expression  above 
becomes  large  and  attenuation  of  the  wave  is  increased. 


Figure  28.  Transmission  of  the  pressure  wave  per  wavelength  as  a  function  cf 
a  in  a  viscoelastic  tube  indicating  different  effects  of  the  wall- .'iscosity 
in  different  ranges  of  a.  In  the  range  a  =  2  to  a  =  4,  the  variation  of  the 
transmission  per  wavelength  is  indicated  by  curve  AB.  In  the  range  a  =  5  to 
a  =  10,  the  variation  is  described  by  curve  CD  (Taylor,  1959). 


Ill 


Case  II.  Here  we  start  with  the  general  form  of  the  frequency  equation 
(3-83)  for  the  freely-moving  elastic  tube  and  introduce  the  parameters 

Ec  =  E(1  +  in  AE) 

*  a(l  +  in  Aa) 

a  ■  0.5,  k  *■  0.4 

In  a  manner  similar  to  Case  I,  we  find  that  (Taylor,  1959): 


(4-21) 

Equation  4-21,  for  the  freely-moving  tube  with  viscoelastic  walls,  replaces 
the  equation 

('<?)"  ■  ('-"‘h  *  (X-‘Yj 

for  the  f reely-miving  elastic  tube.  For  convenience,  we  consider  two  special 
cases : 

(1)  Act  =  0 

(2)  nAo  -  0.1 

We  find  that  (see  figure  28) : 

A.  The  effect  of  ii  eluding  tube-wall  viscosity  on  the  phase  velocity 
is  negligible:  For  a  *  1,  a  =  2,  the  value  of  cj/cq  is  reduced  by  about  1%. 
For  a  >  2,  the  value  of  c^/cq  is  increased  by  less  than  1%. 

B.  The  effect  of  Including  tube-wall  viscosity  on  damping  per  wavelength 
is  considerable.  In  both  cases  (Aa  =  0,  nAa  =  0.1)  the  inclusion  of  i ube- 
wall  viscosity  greatly  reduces  transmission,  i.e.,  increases  the  attenuation 
of  the  pressure  wave.  We  also  note  that  the  effect  of  tube-wall  viscosity  is 
different  in  different  ranges  of  a. 

Thus,  we  find  that  the  inclusion  of  tube-wall  viscosity,  by  restricting 
the  longitudinal  motion  of  the  tube,  has  an  effect  similar  to  that  of  tether¬ 
ing. 
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SECTION  V 


MODIFIED  FLUID  EQUATIONS  TO  ACCOUNT  FOR  A  PLASMA  BOUNDARY  LAYER 


INTRODUCTION 

In  this  section  we  shall  first  consider  the  fluid  flowing  in  the  freely 
moving  elastic  tube  to  be  made  up  of  two  distinct  layers:  an  inner  blood  layer 
bounded  by  an  outer  plasma  layer.  The  velocity  and  velocity  gradient  of  the 
fluid  are  obtained  for  both  layers.  At  the  junction  of  the  blood  and  plasma 
layers,  the  viscous  drags  are  equated  to  obtain  matching  boundary  conditions. 
Finally,  corresponding  to  the  frequency  equation  of  the  freely  moving  elastic 
tube,  we  obtain  a  modified  frequency  equation  to  account  for  the  plasma  layer 
and  draw  some  conclusions  regarding  the  form  of  motion. 


FLUID  VELOCITY  IN  BLOOD  AND  PLASMA  LAYERS 

Consider  the  fluid  flowing  in  the  freely  moving  elastic  tube  to  be  made 
up  of  two  distinct  layers:  an  inner  blood  layer  bounded  by  an  outer  plasma 
layer  at  the  tube  wall.  More  precisely,  we  specify  that 

1)  for  values  of  y=r/R  lying  in  the  interval  0  £  y  k  y0,  the  fluid  in 
the  tube  is  blood; 

2)  for  values  of  y=r/R  lying  in  the  interval  y0  £  y  =s  1,  the  fluid  in 
the  tube  is  plasma.  (See  figure  29.) 


r  =  0,  y=0  r  =  r0,y  =  y0  r  =  R,  y  =  I 


Figure  29.  Blood  and  Plasma  Layers  in  a  Tube. 
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We  have  seen  earlier  (equation  3-66)  that  the  magnitude  of  the  longi¬ 
tudinal  fluid  velocity  component  is  given  by 


ur  -  ur. 

i  1 


c 

j„[  l**i*v1 


(3-66) 


Equation  3-66  was  obtained  under  the  condition  that  the  fluid  was  blood 
throughout  the  tube,  i.e.,  for  the  region  0  £  y  £  1.  Now  if  we  restrict 
the  region  of  the  blood  to  lie  within  the  interval  0  £  y  =  y0,  then  the 
corresponding  value  of  w^  is  given  by 


ur  *  ur 


J. 

(iM 

) 

J. 

[  iM 

(5-1) 


where  y0  is  substituted  for  1  in  the  denominator  of  the  first  term  on  the 
right-hand  side  of  equation  3-66. 

At  the  boundary  between  the  blood  and  plasma  layers,  y=y0,  we  shall 
denote  the  longitudinal  velocity  of  the  blood  by  wq 


ur 


The  value  of  wq  is  unknown  at  this  time.  It  will  be  determined  later  from 
the  condition  that  the  fluid  velocity  must  be  continuous  across  the  boundary 

y=yo* 


The  magnitude  of  the  blood  velocity  at  the  boundary  is  obtained  by 
setting  y=yg  in  equation  5-1.  Thus 


A, 

f.c 
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(5-2) 


Solving  for  the  arbitrary  constant,  C-: ,  in  terms  of  the  unknown,  wg,  we  have 
from  equation  5-2 


Substituting  this  value  of  Cj  in  equc_ion  5-1,  we  obtain 


ur  -  A,  /  ur  -  A,  \  Jo  ( i-  «<■  ■/)  <5‘3) 

'  W  [  °  W  Jo^V^o) 

We  shall  now  find  a  solution  of  the  differential  equation  describing 
the  magnitude  of  the  longitudinal  fluid  velocity,  w^ ,  in  the  plasma  layer, 
yg  £  y  £  1.  We  first  note  that  the  solution  describing  wj  was  obtained 
earlier  in  the  form 


C 

'  J.C’M 


(jlT 

i 


+ 


(3-66) 


This  solution  had  the  following  restrictive  boundary  condition  imposed  on  it: 
the  value  of  w^  stays  finite  at  the  center  of  the  tube,  y=0.  This  imposed 
condition  deleted  a  component  of  the  velocity  from  the  general  solution  of 
the  differential  equation.  This  deleted  component  had  the  form 


i) 

K  C*-V"ct) 


This  restrictive  condition  at  y=0  no  longer  applies  in  the  plasma  layer 
y0  =  y  =  1.  In  the  plasma  layer,  the  boundary  conditions  have  to  be  fitted 
at  y=y0  and  y=l.  Accordingly,  in  the  plasma  layer,  we  include  this  deleted 
velocity  component  and  write  the  magnitude  of  the  longitudinal  fluid  velocity 
in  the  plasma  layer  as 
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r 


ur 


.  C  U1 

JL  (aV) 

K.  ( 

'4 


(5-4) 


In  equation  5-4  we  have  introduced  a  nondimensional  fluid  parameter,  0,  for 
the  plasma  layer  by  analogy  with  the  parameter,  o,  in  the  blood  layer. 

In  equation  3-76,  the  boundary  condition  for  had  the  form 


E 


C,  t  k 

f.c 


(3-76) 


In  analogy  with  equation  3-76,  taking  equation  5-4  into  account,  the  boundary 
condition  for  the  motion  of  the  elastic  tube  in  the  plasma  layer  has  the  form 


ty\ 


k  +  c  *  c3 

n  -  *  t  3 


f„c 


(5-5) 


where  C2  and  C3  are  arbitrary  constants.  At  the  boundary  between  the  blood 
layer  and  the  plasma  layer,  i.e.,  at  y=yo>  the  longitudinal  fluid  velocity 
in  the  plasma  layer  is  obtained  by  setting  y=yo  in  equation  5-4.  Thus 


ur 


ID 


-  UT 


k  ♦  C  1(lM  +  C 

(5-6) 


VELOCITY  GRADIENT  IN  BLOOD  AND  PLASMA  LAYERS 

The  velocity  gradient  along  the  tube  radius,  dwj/dy,  in  the  blood  layer 
is  obtained  by  differentiating  equation  5-3.  Thus 


d  ur, 


ur  l.i\)  J,(i^D 


A,  h\)  J.fr  *D 

fA  1  J.^*) 
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(5-7) 

Tn  analogy  with  the  earlier  notation 


According  to  this  notation,  we  may  write  equation  5-7  in  the  form 
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(5-8) 


Equation  5-8  describes  the  velocity  gradient  along  the  tube  radius  in  the 
blood  layer  at  the  boundary  between  the  blood  and  plasma  layers. 

Differentiating  the  plasma  fluid  velocity,  described  by  equation  5-4, 
we  obtain  the  velocity  gradient  along  the  tube  radius  in  the  plasma  layer. 
Thus 


JoU/5) 


k.M 


(5-9) 


The  velocity  gradient  in  the  plasma  layer  at  the  tube  wall,  y=l ,  is  obtained 
by  differentiating  equation  5-4  and  setting  y=l.  Thus 


We  can  now  determine  w0  and  C3  in 

1)  equacing  the  two  values  of  the 
5-4  and  5-6,  i.e.,  by  making  the  fluid 
between  the  blood  layer  and  the  plasma 

2)  equating  the  two  values  of  the 
of  writing,  we  introduce  the  following 


terms  of  the  arbitrary  constant  C2  by 

quantity  (wq  -  Aj/pqc)  from  equations 
velocity  continuous  at  the  boundary 
layer,  y=y0; 

viscous  drag  at  y=yg.  For  convenience 
notation. 
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/_>_  ^  X, 


j.  ("'» 


K.(L*>lO 
k.  (tV) 


1:9 


With  this  abbreviated  notation,  equation  5-6  assumes  the  following  form. 


UJ  - 

6 


c  Ijjjtil  +  c  ko  uW) 

5  K.(i» 


(5-6) 


we  have 


Moreover,  equation  5-9  may  be  written  as  follows.  From 


(5-11) 


we  have 


fl/aT, 


X(i'V)  K.(i>) 


(5-9) 


C  ( li^V 


J.  O^i)  J, 


(±£) 

1  li\( 

K.( 

1  .  Vi  s 

Art 

'  iiV»/ 

1 1«/' 

1  7  K 

O 

--  -  k  ifi\  Fb(^.)  F  (/4-j.)  -  (k  (/»*) 


(5-12) 
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Finally,  equation  5-10  has  the  following  form.  From 


Equating  the  two  values  of  the  viscous  drag  at  the  boundary,  y=yp ,  as 
given  by  che  blood  and  plasma  layers,  we  have  from  the  relation 


A 


<Us\ 


A 


8c°oD 


using  equations  5-8  and  5-12, 


-  b  -  y  &  l  ^ 


^  J 


plasma 


*A  '  T  lXl”  ^  H°)  -  Ci  A 1.  (/**) 
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Similarly,  in  the  plasma  layer  we  define  a  parameter,  S,  as 


1?  f\_ 

% 


/“•/f,  A 


Thus,  for  the  ratio  of  these  two  parameters  we  have 


Using  this  relationship,  equation  5-14  reduces  to  the  form 

(“i  -  j^)  i  M  --  Q l  M  t  + c> 

Combining  equation  5-15  with  equation  5-11, 


(5-15) 


or 


-  o 


Solving  for  C3 


C  -  -  c 

5  1  G.W 
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Substituting  this  value  of  C3  into  equation  5-5,  we  obtain  from 


(5-5) 


&(*») .  1  (S.It) 


Moreover,  substituting  this  value  of  C3  into  equation  5-13  we  obtain  from 


(5-17) 


Note  that  if  yg  -*•  1,  i.e.,  if  we  consider  thinner  and  thinner  plasma  layers, 
and,  in  the  limit,  if  all  the  plasma  is  replaced  by  blood,  then 

a  =  6,  Fig (a)  =  F10(8) 

and  the  numerator  in  the  inner  bracket  in  equation  5-17  is  zero.  Thus, 
equation  5-17  reduces  to  the  form 


] 

V> 


Moreover,  we  note  that 


in  equation 


F.(n)  . 

(5-16) 


if  we  let  y0  -*■  1,  then  the  term 


Similarly, 


Thus  the  ratio 


1 


e  in) 


i 
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and  equation  5-16  reduces  to  the  form 


C 


where  r 

C'  .  cx  f»  -  GMfr) 

L  W -&.{») 

MODIFICATION  OF  THE  FREQUENCY  EQUATION 

In  the  limiting  condition  for  a  vanishing  plasma  layer,  y0  -v  1,  we  note 
that  the  set  of  equations  3-76,  3-79,  3-80  and  3-81,  from  which  we  obtained 
the  frequency  equation  for  the  freely  moving  elastic  tube,  remain  the  same, 
except  that  in  equation  3-80  the  factor  a2Fio(a)  is  to  be  replaced  by  the 
factor 

f  F  (p) .  F„  (<*)  -  G*  (a) 

1  (»)  -  G„  {») 

or  ot.  fjo  0*)  _  A-  FI0  U\  .  ~  Ole 
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r  » i  E  (»)  - 

M  £  • _ ^ _ 

L  J  F,J*)-G Jflt 


(n)  -  G,„  (/*») 
'  F„{fl) 


[  H  U*./5) 


where 


L  (*,  /») 


U*)  -  6,.(fl) 

£  E.H 

d*  f»  (°)  -  G„  Ip) 

F»  (p) 


With  this  change  in  equation  3-80  we  will  have  a  corresponding  change 
in  the  factors  G  and  H  in  the  original  frequency  equation  (3-83).  The  modi¬ 
fied  frequency  equation  will  have  the  form 


*  iG-k  f  H  - 


(5-18) 


where 


/ 

G  («,/*)  , 


?)  +  * 


'  -  E  (*) 


i_(F 


W  x  H  =  ^(o(>/?)  — - —  - 1 

l  /-  cw  J 


— —  - 1  *  — 

'-£W  J  <-EW 
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DEDUCTION  FROM  THE  MODIFIED  FREQUENCY  EQUATION 

In  the  limiting  conditions  of  heavy  loading  and  stiff  constraint, 
k'  ->  -«®,  the  terms  in  L(a,0)  will  have  no  effect  on  the  pulse  velocity  and 
lamping.  Although  consideration  of  the  plasma  layer  changes  the  frequency 
equation,  for  the  limiting  conditions  of  heavy  loading  and  stiff  constraint, 
the  velocity  of  the  pulse  wave  and  the  damping  of  the  pulse  wave  in  trans¬ 
mission  are  not  affected. 

From  equation  3-86,  note  that 


Since  Gl  , =  G’l  . we  observe  that  the  effect  of  the  factor  L(a,3)  on 
0“ 1/2  a=l/2’ 

the  roots  of  the  frequency  equation  3-82  is  confined  only  to  its  effect  on 
the  factor  H' . 

In  the  modified  frequency  equation, 

(1  -  a 2 ) x2  -  2G’x  +  H'  =  0  (5-18) 
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we  note  that 


1) 


the  sum  of  the  two 


roots  =  xj  +  X2  = 


H1 

2)  the  product  of  the  two  roots  =  x^X2  =  j  ~  "  y 

Thus  the  sum  of  the  two  roots  will  remain  the  same  since  (1  -  a2)  and  G'  are 
the  same  in  the  original  frequency  equation  (3-82)  and  the  modified  frequency 
equation  (5-18).  But  the  product  of  the  two  roots,  H’/(l  -  a2),  since  it 
contains  H' ,  is  effected  by  the  factor  L(a,8).  Since 


H 


/ 


A 

I  -  F,c(*) 


we  find  that  this  effect  of  the  factor  L(a,8)  will  be  greatest  when  the 
second  term,  2k/ [1  -  Fjo(a)],  is  zero,  i.e.,  when  k  =  0.  Thus  for  very  thin 
tube  walls  when  k  =  (h/R)  -*■  0, 


H 


-  i 


The  variation  of  the  wave-velocity  ratio,  cj/cq,  with  a  is  shown  in 
figure  30.  In  view  of  the  relation 

jj _ 32 

hO  « 

we  note  that  for  p  =  pq»  i«e.,  for  no  change  in  the  viscosity  of  the  fluid 
across  the  cross  section  of  the  tube,  we  have  (B/a)  =  1,  i.e.,  there  is  no 
plasma  boundary  layer.  If  (8/a)  >  1,  then  we  are  introducing  a  boundary 
layer.  Note  th^  relationships  between  the  wave-velocity  ratio,  cj/cq,  and 
a  as  described  by  the  two  curves  in  figure  30,  differ  considerably  on  account 
of  the  introduction  of  a  plasma  boundary  layer. 

In  section  IV  we  considered  a  simple  mathematical  model  based  on  the 
assumption  of  elastic  constraint  and  obtained  the  variation  of  the  wave- 
velocity  ratio,  cj/cq,  with  respect  to  a  (see  figure  29).  Comparing 
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figures  29  and  30,  we  may  conclude  that  if  the  model  considered  in  section  IV 
proves  to  be  inadequate  for  describing  the  real  phenomenon,  then  the  conse¬ 
quences  of  the  assumption  of  a  boundary  layer  of  low  viscosity  will  have  to 
be  explored  further. 


Figure  30.  Variation  of  the  velocity  ratio,  cj/cq,  wi*"h  a  for 

1)  no  plasma  boundary  layer,  B/’a  =  1; 

2)  a  thin  boundary  layer  described  by  B/a  =  1.6. 
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SECTION  VI 


PRESSURE-FLOW  AND  PRESSURE-DIAMETER  RELATIONSHIPS 


INTRODUCTION 

In  this  section  we  shall  consider  the  motion  of  the  fluid  over  a  short 
section  of  the  elastic  tube  when  subjected  to  a  pressure  gradient  which  is 
harmonic  in  time  and  the  longitudinal  space  direction.  We  will  first  assume 
that  there  is  no  reflected  wave  present  and  obtain  the  longitudinal  fluid 
velocity,  the  average  fluid  velocity  and  note  the  role  of  Poisson's  ratio. 
Next  we  obtain  a  relation  between  the  fluid  velocity  and  radial  expansion 
of  the  tube  both  in  the  presence  and  absence  of  a  reflected  wave.  Finally, 
we  note  the  variation  of  the  radial  expansion  with  internal  damping  of  the 
tube  wall. 


MOTION  OF  FLUID  IN  ELASTIC  TUBE 


We  shall  investigate  the  details  of  the  motion  of  the  fluid  over  a 
short  length  of  the  artery  over  which  we  may  consider  the  pressure  wave 
velocity,  c,  as  constant  in  value.  We  take  the  origin  of  the  coordinate 
system  at  the  center  of  this  short  length.  (See  figure  31.)  We  recall  the 
assumed  form  of  the  longitudinal  fluid  velocity  component 


W  =  Wj 


gin(t  -  z/c) 


(3-31) 


where 


L  +  C  J.(Aa 
f‘c  '  J.  (I  V) 


(3-66) 


Combining  equations  3-31  and  3-66,  and  neglecting  the  value  of  z  in  equation 
3-31 


ujr 


j 


X  ( 'i) 

j.  on 


(6-1) 


In  equation  6-1,  Cj  is  an  arbitrary  constant  of  integration  to  be  evaluated 
from  boundary  conditions.  Aj  is  the  coefficient  associated  with  the  magni¬ 
tude,  pi,  of  the  pressure,  p  =  pi  exp  [ir.(t  -  z/c)],  and  having  the  form 


Pl  -  AiJ0(ky) 


(3—48) 
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In  order  to  relate  the  magnitude  of  the  fluid  pressure,  Aj ,  to  the 
magnitude  of  the  longitudinal  fluid  velocity,  w,  and  other  known  properties 
of  the  system,  we  substitute  equations  3-76  and  3-79  into  3-81  and  solve  for 
the  ratio  Ci/A^.  We  define  this  ratio  according  to 

C,  .  1_ 

A,  f.c 

If  we  write  *  (Ai/pQc)ri,  then  from  equation  6-1  we  obtain 


From  equation  6-2  we  note  that  for  a  given  applied  pressure  function  where 
Aj  is  known,  the  longitudinal  fluid  velocity,  w,  is  inversely  proportional 
to  the  pressure  wave  velocity,  c. 

We  will  now  obtain  the  value  of  n  in  terms  of  o,  Fio  and  x  using  equa¬ 
tions  3-76,  3-79  and  3-81.  From  equation 


(3-76) 


we  write  tn  E- 1 

A'/foC 

or 

From  equation 


(6-3) 


\_  ir>  R 

1  C 


(3-79) 
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we  write 

inD, 

*•//>.« 

_  i  j  f  Yl 

3-  C  L  10  » 

•‘J 

or 

From  equation 

0 

■  i n 

(6-4) 

l 

A, 

fA 

■  tIj  (•¥')* 

D, 

r\ 

0-81) 

we  write 


L 

ft 


T 


Ba 

fR 


( 


) 


or 


L 


Lv\ 


or 


l  y) 


(6-5) 
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Substituting  the  values  of  P  and  Q  from  equations  6-3  and  6-4  into  equation 
6-5,  we  obtain 


(6-6) 


This  is  an  equation  in  n  which  we  have  got  to  simplify.  Multiplying  equa¬ 
tion  6-6  through  by  R  we  have 


Dividing  equation  6-7  by  c 


Since  k  =  h/R,  x  =  kB/pc2,  the  quantity  n2R2/c2  is  considered  small,  and 
taking  p  =  pq,  we  may  write  equation  6-8  in  the  form 


which  simplifies  to 


i-  id  _  _ i _ 

iff-  ^  it  (iff- h.) 


1 


(6-9) 
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Now  we  shall  identify  the  constant,  A^/poc,  appearing  in  equation  6-2 
with  the  constant  appearing  in  equation  2-19  in  the  simple  theory  of  the 
rigid  tube.  We  note  that  although  the  pressure  wave  velocity,  c,  in  A^/pgc 
is  a  variable  quantity,  for  a  short  length  of  the  artery  c  is  considered 
constant  in  value.  We  know  that 


(6-10) 


for  small  values  of  k.  From  equation  6-10  the  pressure  gradient  is 


(6-11) 


If  aJ  is  the  coefficient  associated  with  the  pressure  gradient  in  the  simple 
theory  of  the  rigid  tube,  then 

ir\t 

-  A'  Q  (6-12) 

-&1  “  ' 

Comparing  the  coefficients  in  equations  6-11  and  6-12,  we  find  that 


A 


I 


A. 


and 


k  -  aL 

p‘°  <  „  p. 
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Since  a2  =  R2n/v  where  v  =  p/p0,  it  follows  that 


kX 


(6-13) 


This  is  the  relationship  between  the  coefficient  in  the  elastic  tube 
theory  and  the  coefficient  aJ  in  the  rigid  tube  theory. 

Iu  r’  a  derivations  of  equations  6-14  through  6-25  below,  we  shall  assume 
that  there  is  no  reflected  wave,  i.e.,  the  representation  for  the  pressure  is 


of  the  form 


p  =  Axe 


in(t  -  z/c) 


Wa  recall  that  in  the  simple  theory  of  the  rigid  tube  (section  II)  we 


ur 

Ritio 


j. 

J.  (/M 


(2-19) 


The  corresponding  average  fluid  velocity  was  found  to  be 


Ri&iD 


1  J, 


l  oi 


il  le 


di  J. 


A.  [  i  -  Fw^)l  Q. 

L 


(2-38) 
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Similarly,  corresponding  to  the  velocity 


ELAitlC. 


At  [ ,  +  'n 

f«c  l 1  1  xWJ 


(6-2) 


we  have  the  average  velocity  in  the  elastic  tube 


6-l.nSTlt 


k  [  i  •  1  F.w]£ 


(6-14) 


From  equation  6-14  we  may  write  down  the  modulus  and  phase  of  w  as 

6l3St 1C 


K  w 


’  +  (*)| 


(*)  1  I  +  ’l  F..  (*)  1 


Again,  in  analogy  with  the  rigid  tube  representation 


r  M|0  (<*)  ■  T>t  -  <j>  +  t{[  (d)  j 


(2-42) 


R‘G-1  D 


we  may  write 


(Y  * 

MR  j  M»o_W  ^  -  <f  +  t"o 

-  • 


(6-15) 
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for  a  pressure  gradient.  M  cos  (nt  —  d>) .  We  can  thus  compare  the  values  of 
Mio(a)  and  eJoC®)  f°r  the  rigid  tube  with  MjqCci)  and  e"o(a)  for  the  elastic 
tube. 

If,  in  the  representation  for  the  complex  constant,  n  (equation  6-9), 
we  substitute  for  x  its  value  obtained  under  the  condition  of  stiff  constraint 
as  given  by  equation  4-8,  it  follows  that 


i- 

F„  W  - 10 


i  -  iq 

Fio  (*)  " 1(r 


lO 


1 


Ro  W  -  1<J 


-1 


Using  this  value,  n  =  “1»  in  equation  6-14  and  comparing  it  with  equation 
2-38,  we  conclude  chat  the  motion  of  the  fluid  in  the  elastic  tube  for  the 
limiting  condition  of  very  stiff  constraint  is  the  same  as  the  motion  of  the 
fluid  in  the  rigid  tube.  We  have  thus  obtained  a  check  on  the  accuracy  of 
the  analysis. 

The  effect  of  the  value  of  a  on  the  volume  rate  of  flow  is  indicated 

%iax 


in  figures  31  and  32.  The  variation  of  the  ratio 


,  i. e. ,  the  ratio 


^steady | 

of  the  maximum  value  of  the  oscillatory  flow  in  either  direction, 


TtUlX 


,  to 


that  of  the  Poiseuille  flow, 


Q  ,  for  the  same  pressure  gradient,  with 

3  l-  6  3  U  V  j 
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respect  to  a  is  indicated  in  figure  31.  The  variation  of  the  phase-lag  with 
respect  to  a  is  shown  in  figure  32.  These  graphs  may  be  compared  with  analo 
gous  graphs  for  the  rigid  tube  in  section  II. 


01  23456789  10 


a 


Figure  31.  Variation  of  the  amplitude  ratio  — - 

^steady 

with  respect  to  a  for  k  =  0;  a  =  1/2,  o  =  0.  Note  that  for 
values  of  a  <  1,  the  amplitude  ratio  approaches  1,  i.e.,  there  is 
little  deviation  from  Poiseuille's  formula. 
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PHASE  LAG  (90° -  « )° 


Figure  32.  Variation  of  the  phase  lag,  (90°  -  e)°,  of  flow  with 
respect  to  a  for  k  =  0,  a  =  0;  a  =  0.25  and  a  =  0.5.  Note  that 
as  a  increases,  the  phase  lag  approaches  90°. 


The  variations  of  the  modulus  of  the  complex  fluid  impedance,  the  fluid 
resistance  and  fluid  inductance  with  respect  to  a2  are  shown  in  figures  33, 
34  and  35  respectively.  These  graphs  may  also  be  compared  with  the  cor¬ 
responding  graphs  for  the  rigid  tube  in  section  II. 

In  order  to  obtain  the  value  of  the  longitudinal  fluid  velocity  in  the 
elastic  tube  at  the  tube  wall,  we  set  r  =  R  or  y  =  1  in  equation  6-2  and 
obtain 


(6-16) 
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Figure  33.  Variation  of  the  modulus  of  the  complex  fluid  impedance  with 
respect  to  a2  for  k  =  0;  a  =  0,  a  =  0.25  and  o  =  0.5. 


Figure  34.  Variation  of  the  fluid  resistance  wi 
for  k  =  0;  o=0,  o  =  0.25  and  a  «  0 
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th  respect  to  a 


FLUID  INDUCTANCE 


o’ =  0.0 


0  20  40  60  80  100 

a2 


Figure  35.  Variation  of  fluid  inductance  with  respect  to  a2 
for  k  =  0;  a  =  0,  a  =  0.25  and  o  =  0.5. 

We  note  that  if  we  impose  the  condition  of  very  stiff  constraint,  n  =  -1,  in 
equation  6-16,  then  the  longitudinal  fluid  velocity  is  zero  at  the  tube  wall. 
From  equations  6-2  and  6-16  we  note  that 


^Etflsnc  l]--\ 

uTELflsric 


i  +  n 

I  +  ^  ^0  M 


If  we  calculate  the  modulus  and  phase  of  this  ratio,  they  will  demonstrate 


the  ratio  of  the  magnitude  of  the  longitudinal  fluid  velocity  at  the  tube 
wall  to  that  of  the  average  longitudinal  fluid  velocity  in  the  elastic  tube 


and  the  phase  difference  between  the  two.  This  is  indicated  in  table  II. 


The  values  of  the  amplitude  and  phase  difference  of  the  ratio 


i  +  a 

1  +  nF10(a) 


emphasize  the  critical  role  of  Poisson's  ratio  in  determining  the  details  uf 


14? 


the  fluid  motion.  The  phase  differences  in  table  II  are  shown  with  their 
correct  algebraic  sign  with  respect  to  the  amplitude  ratio,  indicating  that 


the  longitudinal  fluid  velocity  at  the  wall,  w 


y=l 


,  leads  the  average 


elastic | 

longitudinal  fluid  velocity,  we^ast^c.  The  most  striking  point  about  this 
effect  is  the  magnitude  of  the  longitudinal  fluid  velocity  at  the  wall,  which 
is  greater  than  might  be  expected.  It  is  not  possible  to  estimate  this 
velocity  from  the  experimental  results  available.  However,  it  would  seem 
that  the  attempt  to  find  experimental  means  of  measuring  the  effect  would  be 
worth  while,  since  it  would  form  a  critical  test  of  the  theory  and  would 
throw  light  on  the  elastic  properties  of  the  arterial  wall  under  dynamic 
conditions. 


TABLE  II 

Values  of  the  amplitude  and  phase  difference  of  the  ratio 
(1  +  n)/(l  +  nF10),  comparing  the  velocity  at  the  wall  with 
the  average  velocity,  with  Fj 0  =  0.1  and  values  of  a  cor¬ 
responding  to  the  first  four  harmonics  of  the  pulse  in  the 
dog’s  femoral  artery. 


q  =  1/2 _ o  =  0 


a 

Amplitude 

Ratio 

Phase 

Difference 

Amplitude 

Ratio 

Phase 

Difference 

3.34 

0.122 

74.0° 

0.527 

26.2° 

4.72 

0.166 

52.9° 

0.226 

16.2° 

5.78 

0.190 

38.0° 

0.145 

12.6° 

6.67 

0.257 

28.6° 

0.104 

10.5° 
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Equation  6-16  describes  the  longitudinal  fluid  velocity  at  the  tube  wall 
in  elastic  tubes.  If  wa  consider  that  the  fluid  adheres  to  the  tube  wall  and 
integrate  this  equation  with  respect  to  time,  we  will  obtain  the  longitudinal 
distance  traversed  by  a  point  on  the  tube  wall.  This  distance  ?  is 


Cnt 

0,  Jtt 


(5r)U)(,,l) 

&)U)M 


(6-17) 


when  expressed  in  terms  of  the  pressure  gradient.  Note  that  we  have  replaced 
Pq  by  p,  since  we  are  considering  the  motion  of  the  tube  wall. 

Assuming  k  =  0. 1 ,  a  =  0. 5,  we  find  that  the  maximum  value  of  the  longi¬ 
tudinal  displacement  of  the  tube  wall  is  3.92  mm.  This  is  greater  than  the 
diameter  of  the  dog's  femoral  artery.  It  is  reasonable  to  suppose  that  a 
longitudinal  extension  of  this  magnitude  would  have  been  remarked  upon,  had 
it  been  observed.  The  above  calculation  may  seem  unrealistic,  since  it  is 
known  that  the  artery  is  not,  in  practice,  completely  free,  but  it  does  show 
that  the  elastic  constraint  is  not  likely  to  be  in  resonance  with  the  pulse 
frequency. 
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Equation  6-14  may  be  written  in  modulus  and  phase  form  as 


UJ 

EtWSTU 


k)  <  m  e 


C  w 


v 

e. 


irit 


/;  C  C  (°0  int 

fe  m.  w  e  G 

r 


(6-18) 


since  p^  =  AjJ0(ky)  =  A2  for  k  <<  1.  Since  cq/c  =  X  -  iY,  we  may  write  equa¬ 
tion  6-18  in  the  form 


.  ,  11  .  . 
LtwH  Lnt 

l  (x-y)M,oV)£  £ 


UJ 

£L»jr/c 


A 


(6-19) 


Now,  if  we  express  the  complex  quantity  (X  -  iY)  in  modulus  and  phase  form 


X  -  iY  =  | X  -  iY |  phase  (X  -  iY) 


we  note  that  the  effect  of  the  damping  of  the  wave  in  transmission  is  to 
reduce  the  phase-advance  of  flow  over  pressure.  We  may  write 

x-^MyiG 

(6-20) 


Note  that  in  the  case  of  the  rigid  tube,  equation  2-40,  the  complex  quant-  ty 

(X  -  iY)  is  not  involved.  Therefore,  there  is  no  change  in  phase  for  w  . 

p  r  rigid 


u-r 

Ev-ftsnc 


-  h 
'  fi 


oC. 
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Again,  starting  with  equation  6-14 


ur 

Etflsr/c 


Is  l  >  •  i  '-K 


(6-14) 


we  write  it  in  the  following  form  for  comparison  with  equation  6-20 


u  .  *  Al  f  ^  [  i  +  T  F  Q 

EinsT,c  Lc0  V  c  /  [  '  ,0  _ 


(6-21) 


Imposing  the  condition  of  very  stiff  constraint  on  equation  6-21,  i.e., 
setting 


and  n  =  -1,  we  obtain 


ElASTlC 

STIFF  CONSTRAINT 


(i-t  ; 

[■-  A 


A  -  (til,. 


(4-9) 


'a 


k(,-,‘)1(,-F“)‘a 


(6-22) 
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Since 


[■-cwf-  [  m;  wl 


1  W 


we  may  write  equation  6-22  in  the  form 


k(?)[*wfe 


ELASTIC 

S Tipf  CoHSTRAi 


NT  (’ 


t  ■'.(*)  .  , 

i  LTV  6 


(6-23) 


Comparing  equations  6-19  and  6-23,  we  conclude  that  under  the  conditions  of 
elasticity,  together  with  stiff  constraint,  the  maximum  phase-lead  of  flow 
over  pressure  will  be  45°.  Note  that  the  value  of  cj  is  not  directly 
measurable.  If  we  measure  the  pulse  velocity,  cj,  over  a  short  length  of 
the  artery,  we  would  expect  to  obtain  a  value  given  by 


In  terms  of  the  measured  pulse  velocity,  Cj,  equation  6-19  may  be 
written  as 


UJ 

elastic 


X  /  10 


1  fc.o  (*) 


(6-24) 
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and  equation  6-23  may  be  written  as 


^ELASTIC 

STIFF-  C  ONSTMiHT 


(6-25) 


These  equations  may  be  experimentally  verified  as  follows.  First,  we 
obtain  a  Fourier  analysis  of  the  pressure,  pressure  gradient  and  fluid 
velocity.  Next,  we  abandon  all  preconceived  ideas  regarding  the  values  of 
the  internal  radius  of  the  artery  and  the  viscosity  of  the  blood,  and  de¬ 
termine  the  value  of  a  that  gives  the  best  fit  between  pressure  gradient  and 
fluid  velocity.  This  can  be  done  without  introducing  the  pulse  velocity. 
Finally,  we  assume  that,  taking  the  same  value  of  a,  the  fit  of  equation  6-23 
to  the  observed  flow  curve  could  be  tested,  with  t?  3  same  value  of  c0  for  all 
harmonics. 


Now  we  shall  include  a  reflected  wave  in  the  expression  for  the  pressure. 
Let  the  incident  pressure  wave  be  denoted  by 


Pi 


-  Ai 


£in(t  -  z/cj) 


or 


Px  =  A] 


i(nt  -  k^z) 


where  k^  =  n/ci. 

This  incident  wave  is  incident  at  the  point  z  =  0,  where  a  partial  re¬ 
flection  and  transmission  takes  place.  In  other  words 

,  i(nt  -  kiz)  .  n 

p^  =  Aj  e  1  for  z  <  0 


For  the  reflected  wave  we  have 


,  i (nt  +  kiz)  A 

p  =  Ao  e  1  for  z  <  0 

K 


For  the  transmitted  wave  we  have 


.  i(nt  -  k-9z)  ,  ^  n 

PT  =  At  e  -  for  z  >  0 


where  k2  =  n/c2-  Note  that  the  frequency,  n,  remains  constant.  For  the 
resultant  wave  motion  we  write 
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p 

p 


i(nt^~  kiz)  +  ^  ei(nt  +  k2z) 

for  z  <  0 

(6-26) 

i(nt  -  k2z) 

for  z  >  0 

(6-27) 

With  respect  to  the  representations  6-26  and  6-27,  the  following  con¬ 
tinuity  conditions  are  imposed: 

1)  the  pressure,  p,  remain  continuous  at  the  point  z  -  0; 

2)  the  pressure  gradient,  9p/9z,  remain  continuous  at  the  point  z  =  0. 

The  continuity  of  p  means  that  the  amplitudes  be  related  as 

Ai  +  A2  =  A^,  at  z  =  0  (6-28) 

The  continuity  of  9p/9z  means  that 

kiCAi  -  A2)  =  k2AT  at  z  =  0  (6-29) 

Taking  the  ratio  of  the  corresponding  sides  of  equations  6-28  and  6-29, 
we  have 

AL.--.A2.  =  j£2. 

Ai  +  A2  kj 


c?  _  Ai  -  A? 
C1  A1  +  A2 


Thus,  due  to  a  reflected  wave,  the  pressure  is  reduced  according  to  the 
ratio  (Ai  -  A2)/(Ai  +  A2).  If  tnere  is  no  reflected  wave,  then 

Al_z_Al  „  1 
Ai  +  A2 

i • e ♦ ,  A  2  =  0 


According  to  the  above  discussion s  we  may  write  the  earliei  equation 


ur 

ELASr/C 

SriFP  CONSTRAINT 
NO  REFLECTED  WAVE. 


(6-23) 
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in  the  form 


Thus,  when  a  reflected  wave  is  present  we  have  to  account  for  an  "apparent" 
velocity,  Cq, defined  by 


(6-30) 


The  amplitudes  Aj  and  A2  appearing  in  equation  6-30  must  be  considered  as 

complex since  no  phase  constants  were  included  in  the  description  of  the 

inciJriit  wave,  p  ,  and  the  reflected  wave,  p  ,  above. 

1  K 

If  we  assume  that  the  theory  developed  is  correct,  then  the  best  use 
we  can  make  of  an  analysis  of  simultaneous  recordings  of  pressure  and  pres¬ 
sure  gradient  would  be  to  obtain  information  about  any  reflected  wave  that 
may  be  present.  To  test  the  validity  of  the  theory  itself,  some  means  would 
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have  to  be  found  for  suppressing  the  reflected  wave.  One  method  might  be  to 
apply  a  matching  terminal  impedance  at  the  next  junction  on  the  distal  side 
of  the  point  of  measurement. 

Another  experimental  test  of  the  theory  can  be  devised  which  is  free 
from  this  difficulty,  using  the  relationship  between  pressure  and  radial 
expansion.  This  is  considered  in  the  next  section. 


RELATIONSHIP  BETWEEN  FLUID  VELOCITY  AND  RADIAL  EXPANSION 

Now  we  shall  obtain  a  relationship  between  the  average  fluid  velocity 
and  the  radial  expansion  of  the  tube.  First,  for  the  simpler  condition  when 
there  is  no  reflected  wave,  we  note  that  equation  3-79  may  be  written  as 


(  . 

A,  +  A.  C, 

f.w' 

\  1C  / 

t-c  av 

%<■  J 
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k  |  i  + L 

V  xC  1 

fx  i  1 
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ELfcsnc. 


using  equation  6-14.  Since  the  radial  expansion,  is  given  by 

5  =  D,  ein(t  -  Z/C) 

we  note  that  for  small  values  of  z  ve  have 

,  n  int 
C  =  Dj  e 


(3-79) 


(6-31) 


(3-72) 


(6-32) 
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Combining  equations  6-31  and  6-32,  we  find  that 


inR  _ 
2c  Wl 


2£  =  Hi  int 
R  c 


2JL  =  w 

R  “  c 


(6-33) 


We  will  now  show  that  equation  6-33  can  be  obtained  directly  from  the 
continuity  equation  (3-24) 


|ii  +  a  +  |a,  o 

3r  r  9z 


1  3  .  v  c  w 

r  87(ru)  ■  '  aJ 


Setting  y  =*  r/R,  we  find  from  equation  6-34  that 

,  1  »1  3  >  3w 

<pR  97(Ryu)  '  -  S? 

u  3w 

or  Ry  =  "  3z 

or  u  =  -  Ry  -~ 

oZ 

Integrating  equation  6-35  with  respect  to  y  from  y=0  to  y=l, 


(3-24) 


(6-34) 


(6-35) 


( n)  1  ^ 


-  1 

J  ' 


- 

-  R  >£  V 
'dZ  1  J. 


R 

'bl 


152 


R  ,Sws 


i.e.,  radial  fluid  velocity  at  tube  vail  =  -  —  (— ) . 

Z  o  Z 

wall  we  may  write  the  last  statement  as 

9  £  R  /  5  w ' 

U  =  St  =  "  I  vji? 


For  no  slip  at  the  tube 


2 

“  R  3t 


(6-36) 


Moreover ,  since 


(6-37) 


by  combining  equations  b-36  and  6-37,  we  have 

_  2  3£  =  _  JL  3w 
’  r  at  c.  at 

Integrating  equation  6-38  with  respect  to  time,  we  obtain 

2k  .  » 

R  c 


(6-38) 


(6-39) 


Now  •  will  consider  the  case  when  the  expression  describing  the  pres¬ 
sure  contains  a  reflected  wave,  i.e.,  the  pressure  has  the  representation 


.  in ( t  -  z/c)  ,  ,  in(t  +  z/c) 
p  -  A]  e  ’  +  Az  e 


(6-40) 


Then  the  corresponding  average  fluid  velocity  when  a  reflected  wave  is 
present  is,  in  analogy  with  equation  6-19,  given  by 


UJ ' 

E1HS7/C 


iU,c  ,kfi  jm .we 


'  ^  /  \ 


(6-41) 


Combining  equations  6-39  and  6-41 ,  we  write 


l>  H "  (*)  <2 

p  10 


bo  (<*) 


(6-42) 


where  p  is  given  by  equation  6-40.  We  may  write  equation  6-42  in  the  form 

L  C  w 


a  .  jl  f^rM'we  -  i 

r  ?X  \  c-;  L  10  J 


(6-43) 


f!  .  ft 


Since  M^q  and  eio  are  the  modulus  and  phase  of  the  quantity  (1  +  qFio)»  and 

(3-90) 


we  may  write  equation  6-43  as 


A  ,  1 

\ - 

*1 

\ 

1 

\*y\  i 

R  fX 

L'  J 

(6-44) 


The  form  of  equation  6-44  is  the  same  whether  a  reflected  wave  is  present 
or  not. 

In  equation  6-44,  we  note  that  the  limiting  value  of  the  quantity 
^  (1  +  qFio )  for  the  case  of  very  stiff  constraint  is  obtained  by  setting 
2 

q  =  -1  and  x  =  t - - —  .  Thus 

1  "  *10 


Therefore,  for  the  limiting  condition  of  very  stiff  constraint,  the  quantity 
|  (1  +  nF10)  has  actually  the  real  value  1  and  its  phase  is  zero.  See 
figure  36,  However,  we  add  a  small  positive  imaginary  component  to  account 
for  damping  due  to  the  viscosity  of  the  fluid.  From  equation  6-44  we  note 


iHsM'C 
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i  IMAGINARY  AXIS 


Figure  36.  Small  positive  phase  of  the  complex 

quantity  ' !.  +  nF^) 


For  all  finite  values  of  k,  the  phase  of  the  quantity  ^  (1  +  nF10)  is  positive. 
Therefore,  from  equation  6-45  we  conclude  t  iat  the  phase  of  the  variation  in 
diameter,  5,  always  leads  the  phase  of  the  pressure,  p,  by  a  few  degrees. 

See  figure  37. 
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figure  37.  variation  of  the-  phase  difference  (between  the  cyclic 
variation^  in  pressure  and  diameter)  with  respect  to  a,  for  k=0 
a. id  -0*5. 


135 


RELATIONSHIP  BETWEEN  RADIAL  EXPANSION  AND  INTERNAL  DAMPING 


Equation  6-44,  in  the  limiting  condition  of  heavy  loading  and  stiff 
constraint,  i.e. , 

“  (1  +  nFio)  "*■  I 

reduces  to  the  form 


(1  -  cr2) 


(6-46) 


For  o  =  1/2,  equation  6-46  reduces  to  the  form 


2£=  3  _E_ 
R  4  o0c02 


(6-47) 


From  equation  6-46  we  note  that 

2  fl  -  o2l 

(— )  phase  {?}  =  - 5  phase  {p} 

R  Lpoco 


Thus  the  pressure,  p,  and  the  radial  deformation,  £,  will  be  in  phase  at  all 
frequencies. 

Since,  for  other  conditions  of  constraint,  the  phase  difference  between 
pressure,  p,  and  radial  deformation,  £,  is  always  small,  equation  6—'' 6  does 
not  provide  a  critical  means  of  distinguishing  between  them.  However, 
equation  6-46  does  provide  a  test  for  the  presence  of  internal  damping  in 
the  tube  wall.  This  is  shown  as  follows. 

In  analogy  with  equation  4-19,  for  the  elastic  tube  we  write 


// 


(4-20) 

Expanding  the  bracketed  term  according  to  the  binomial  expansion  and 
neglecting  sacond-order  terms,  we  ha  /e 
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Thus  equation  4-20  reduces  to  the  form 


C« 


,  il 

'  W  i  J 


3 

4 


(6-48) 


Combining  equations  6-43  and  6-48  we  obtain 


From  equation  6-49  we  note  that  if  the  radial  expansion,  £,  lags  behind  the 
pressure,  p,  internal  damping  must  be  present.  Moreover,  if  the  internal 
damping  is  of  the  simple  form,  as  described  by  equation  6-49,  then  the  amount 
of  phase-lag  in  any  harmonic  will  be  roughly  proportional  to  the  frequency  n. 

If  the  phase-lag  is  large,  then  equation  6-49  will  not  be  sufficiently 
accurate  and  we  mist  use  the  exact  form  of  (— )  for  substitution  in  equation 
6-49.  This  exact  form  from  section  IV  is 
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where  by  analogy  with  equation  2-89,  for  the  elastic  tube  we  write 


/ 


Thus  the  exact  form  for 


2,  with  a 


1/2,  is 


l  cr>  LQ  - 


}+  ir\  &E 


Substituting  this  representation  for 


C^p*)2  in  equation  6-43, 


we  find  that 
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From  equation  6-50  we  hol.  that 


"  I  i)  (  -I—  \  I  h~l  -  kv*!  X  ^  ^  -  tl-n  Y1  fc.  t 

1  I  3t(n^) 

Thus,  the  phase  lag  of  £  behind  p  is  of  the  amount 

U,”'  n(V[  t  ta-**'  in&CT  ^ 

3t|n  &<f) 

From  this  we  may  obtain  estimates  of  AE  and  A a  by  combining  the  results  from 
several  harmonics. 

Experimental  verification  of  equation  6-47  can  be  had  by  referring  to 
the  results  obtained  by  Lawton  and  Greene  (1956).  They  succeeded  in  obtain¬ 
ing  measurements  of  variation  in  diameter  throughout  the  pulse  cycle  by 
filming  the  motion  of  very  small  beads  sewn  to  the  abdominal  aorta  of  the 
dog.  Two  typical  results  (at  T  =  33/120  =  0.275  sec  and  T  =  0.352  sec)  for 
the  variation  in  diameter  together  with  the  corresponding  variation  in  pres¬ 
sure  are  shown  in  figures  38  and  39.  The  results  of  Fourier  analysis  up  to 
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the  fourth  harmonic  are  given  in  table  III.  These  results  are  indicated  in 

modulus  and  phase  form,  i.e. ,  in  the  form  M  cos  (mnt  -  4  ),  n  being  the  order 

m  m 

of  the  harmonic.  These  results  show  no  steady  increase  in  phase  lag  with 
respect  to  frequency.  The  results  of  curve  if  1  seem  to  show  a  decrease  in 
phase  lag  with  frequency.  This  may  be  illusory.  The  amplitudes  of  the  third 
and  fourth  harmonics  are  small,  that  of  the  third  harmonic  being  less  than 
one-sixth  of  that  of  the  fundamental,  that  of  the  fourth  harmonic  about  5%. 
Thus  the  estimate  of  the  phase  lag  cannot  be  expected  to  be  very  accurate. 

It  seems  reasonable  to  conclude  from  these  results  that ,  although  there  are 
irregular  variations  in  phase  between  pressure  and  diameter,  these  variations 
are  not  inconsistent  with  the  assumption  that  there  is  no  damping  in  the  wall. 
Therefore,  until  measurements  of  greater  accuracy  become  available,  the  simple 
form  of  the  theory,  i.e.,  k  -*■  -«*>,  may  be  considered  to  be  reasonably  accurate. 


TABLE  III 


Values  of  Fourier  Coefficients  of  the  First  Four  Harmonics  for  the 
Pressure  and  Diameter  Variations  Shown  in  Figures  38  and  39 


HARMONIC 

PRESSURE 

DIAMETER 

PHASE-LAG 

(DEGREES) 

M 

m 

*m 

M  x  10  3 
m 

m 

Curve  if  1 

1 

18.74 

75.67 

12.17 

86.31 

10.64 

2 

6.80 

128.67 

4.05 

133.55 

4.88 

3 

3.14 

154.45 

2.14 

,  149.68 

-4.77 

4 

1.56 

156.75 

0.50 

110.03 

-46.72 

CONSTANT 

69.73 

1.32 

TERM 

Curve  if  2 

1 

62.35 

56.85 

5.50 

2 

116.50 

117.05 

-0.55 

3 

152.85 

136.98 

15.87 

4 

124.50 

122.60 

1.90 
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PULSE  CYCLE 


Figure  38.  Cyclic  variation  in  diameter  of  the  abdominal  aorta  of  the  dog 
with  respect  to  the  pulse  cycle.  The  observed  points  are  joined  by  straight 
lines.  The  circles  are  points  on  a  four-harmonic  Fourier  series  fitted  to 
the  observations.  The  corresponding  variation  of  pressure  with  respect  to 
the  pulse  cycle  is  also  shown. 
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Figure  39.  Cyclic  variation  in  diameter  of  the  abdominal  aorta  of  the  dog 
with  respect  to  the  pulse  cycle.  The  observed  points  are  joined  by  straight 
lines.  The  circles  are  points  on  a  four-harmonic  Fourier  series  fitted  to 
the  observations.  The  corresponding  variation  of  pressure  with  respect  to 
the  pulse  cycle  is  also  shown. 


SECTION  VII 


JUNCTIONS  AND  DISCONTINUITIES 


From  experimental  observations  it  is  quite  clear  that  the  arterial  pulse 
wave  increases  in  amplitude  and  -evelops  secondary  waves  as  it  travels  down 
the  arterial  tree.  See  figure  AO.  With  this  in  view,  we  shall  now  develop 
a  more  accurate  representation  of  the  amount  of  damping  of  the  arterial  pulse 
wave  as  it  travels  from  the  heart  to  the  peripheries.  To  this  end,  we  shall 
consider  the  traveling  prise-wave  in  terms  of  its  harmonic  components  and 
include  the  presence  of  wave  reflection  at  arterial  junctions  and  discontinu¬ 
ities.  An  appro”imace  method  will  be  indicated  for  estimating  a  reflection 
coefficient  as  a  function  of  the  area  ratio  of  the  branches  to  the  parent 
rube.  This  coefficient  will  be  used  in  estimating  the  reflections  produced 
at  the  iliac  and  coeliac  junctions  and  at  discontinuities  introduced  by  in¬ 
sertion  of  an  electromagnetic  flowmeter  as  is  required  in  some  methods  for 
measuring  pulsatile  blood  flow. 


THE  REFLECTION  COEFFICIENT 


Corresponding  to  equation  6-18,  relating  the  fluxd  pressure  to  the 
average  longitudinal  fluid  velocity,  we  write 

.  1  <  (*) 

k  M  («j  0. 
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RZn 

If  the  viscosity  of  the  fluid  approaches  zero,  then  a2  =  — — >  <»  and 


Mi'o(a)  =  |l  +  nF10(a)  I  -*  1 


since 


A-;/pr 


remains 


finite. 
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Figure  40.  Rise  in  the  peak  of  the  aortic  and  femoral  pulse-pressure  during 
transmission  in  the  dog.  (By  courtesy  of  Dr.  R.  W.  Stacy) 
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ft 

Moreover,  eio(ct)  =  place  {1  +  r)Fig(a)}  =  0.  Thus,  if  we  assume  that  the 

// 

fluid  is  inviscid,  then  Mig(a)  =  1  and  =  0  and  equation  7-1  reduces  to 

the  form 


*1 

elastic 


A 

P0C 


(7-2) 


We  will  now  consider  the  error  that  is  generated  when  we  use  the  approximate 
form  of  the  pressure-velocity  relation  (equation  7-2)  instead  of  equation  7-1. 

Suppose  there  is  a  sudden  reduction  in  the  size  of  an  artery  from  a 
fixed  radius  R  to  a  fixed  radius  r.  See  figure  41.  Let  and  012  be  the 
values  of  a  in  the  larger  and  smaller  tube  respectively.  From  the  relation 
a2  =  R2n/v,  we  note  that  the  value  of  a  is  directly  proportional  to  the  radius 
and,  since  r  <  R,  it  follows  that  02  <  oti* 

We  will  assume  that  on  account  of  a  change  in  the  tube  diameter,  there 
is  partial  transmission  and  partial  reflection  of  the  incident  wave.  It  is 
convenient  to  have  the  incident  wave  traveling  to  the  right  and  the  origin 
of  the  longitudinal  axis  of  the  tube  located  at  the  junction.  To  allow  for 
a  possible  change  of  phase,  we  use  the  complex  exponential  rather  than  the 
sine  or  cosine.  The  incident  pressure  wave  traveling  to  the  right  is  repre¬ 
sented  by 


Ai 


gin(t  -  z/cj) 


The  reflected  wave  traveling  to  the  ft  is  denoted  by 

in(t  +  z/cj) 


The  transmitted  ressure  wave  travels  in  the  positive  direction  in  the 
smaller  tube  and  can  be  represented  by 

A2  ein^  ~  z/c^ 

Note  that  c^  and  c2  are  the  wave  velocities  in  the  large  and  small  tubes 
respectively. 
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Figure  41.  The  incident,  reflected  and  transmitted  wave 
at  the  junction  of  a  larger  and  smaller  tube. 
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Clearly,  the  magnitude  of  the  total  pressure  wave  on  the  left-hand  side 
of  the  junction  is 

Aiein(t  -  zicO  +  ^ein(t  +  z/cj) 

On  the  right-hand  side  of  the  junction,  the  magnitude  of  the  pressure  wave  is 

A2aln<t  -  z/c2> 

Now  we  shall  use  two  conditions  which  exist  at  the  junction  z=0.  These 


(1)  The  pressure  is  the  same  on  both  sides  of  the  junction  at  z=0. 

(2)  The  volume  rate  of  flow  is  the  same  on  both  sides  of  the  junction 
at  z=0. 


Imposing  these  two  conditions  in  tun,  we  note  that  since  the  pressure  has 
to  be  the  same  on  both  sides  of  the  junction  at  the  point  z=0,  we  write 

pressure  on  the  left  of  junction  =  pressure  on  the  right  of  junction 

i.e.,  pressure  due  to  incident  wave  +  pressure  propagated  by  reflected  wave 
=  pr.  ssure  due  to  transmitted  wave 


i.e.,  A,eir(C  ‘  Z/Cl)  4  A„ein(t  +  z/c>>  -  A2eln(t  '  z/c 

At  the  point  of  discontinuity,  z=0,  we  lave  from  equation  7-3 

.  int  ,  .  int  .  int 
Aje  +  A4p  =  A2e 

or  A}  +  A4  =  A 2 


(7-3) 


(7-4) 


How  we  shall  consider  the  elastic  tube  in  the  limiting  condition  of 
stiff  constraint.  From  equation  6-11  we  may  write  the  magnitude  of  the 
average  longitudinal  fluid  velocities  in  the  large  and  small  tubes  as 


LARGE  ru8£ 


I  (  KJLS  m'  (oO  £ 

1  V  Pc J  10  ' 


4  — 


■ "  (M1 6 


(7-5) 
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In  equation  7-5  for  the  larger  tube,  the  magnitude  of  the  pressure  is 
(A*  -  A4) .  This  follows  from  the  fact  that  when  considering  volume  rate 
of  flow  across  the  junction  z-0,  there  is  a  direction  involved.  For  this 
reason  we  must  take  the  difference  in  the  magnitude  of  the  incident  and 
reflected  pressure  waves.  Note  also  that  cq  and  cq'  are  the  limiting 
velocities  of  the  wave  propagated  in  the  two  tubes  for  a  =  (R2n/v)  -*• 
i.e. ,  for  liquids  of  very  small  viscosity.  For  continuity  of  flow  across 
the  junction,  we  equate  the  volume  rate  of  flow  on  both  sides  and  write 

^large  tube  ^ small  tube 


i.e. , 


(7-8) 
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According  to  the  Moens-Korteweg  formula, 


f  hE  y/2 

C°  ~  [2RP0. 


we  will  assume  that  in  the  larger  tube  with  fixed  radius  R, 


and  in  the  smaller  tube  with  fixed  radius  r. 


Considering  the  thickness,  h,  and  the  modulus  of  elasticity,  E,  to  remain  the 
same  in  the  larger  and  smaller  tubes,  this  assumption  implies  that  the  mass 
loading  on  the  two  tubes  is  the  same.  With  this  assumption,  equation  7-8 
assumes  the  form 
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(7-10) 


For  convenience,  we  denote  the  right-hand  side  of  equation  7-10  by  X  and  write 


Ai  --A4  =  x 

a2 


(7-11) 


Now  we  need  an  expression  in  terms  of  X  for  the  ratio  of  the  reflected  pres¬ 
sure  wave  to  the  incident  pressure  wave.  A4/A1.  This  ratio  is  known  as  the 
reflection  coefficient  for  the  junction.  From  equation  7-11  we  may  write 
the  following. 


A2  -  (Ai  -  A4) 
a2 


a2  +.(Al  -  A4) 
a2 


=  1  -  X 

=  1  +  X 


(7-12) 

(7-13) 


Taking  the  ratio  of  the  left  and  right  sides  of  equations  7-12  and  7-13,  we 
have 


or 


A?  -  Ai  +  A4  _  1  -  X 
A2  +  A^  -  A4  1  +  X 

(A?  -  Ai  )  -f  Au  _  1  -  X 
(A2  -  A4)  +  Aj  1  +  X 


(7-14) 


Now  from  equation  7-4  we  may  write 

A2  -  Aj  -  A4 

and  A2  -  A4  =  Aj 

Therefore  equation  7-14  becomes 


A4  +  A4  _  1  -  X 
Ai  +  1  +  X 


Aii  1  -  X 
Ai  ~  1  +  X 


(7-15) 


The  modulus  of  the  complex  quantity  A4/A^  denotes  the  ratio  of  the  amplitude 
of  the  reflected  wave  to  the  incident  wave.  Its  phase  is 


phase 


An 

Ial 


=  phase  (A4)  -  phase  (Aj) 
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which  denotes  the  change  in  phase  of  the  incident  wave  upon  reflection  at 
the  junction. 

The  ratio  A2/Ai  is  known  as  the  transmission  coefficient.  We  obtain 
the  value  of  A2/Ai  in  terms  of  X  as  follows.  We  know  that 


Aj  —  A4  X 


A2  =  f(Aj  -  A4) 


A?  _  1_  Ai  -  A l 

A1  H  A1 


From  the  expression  for  the  reflection  coefficient,  we  know  that 

A4  _  1  -  X 
Aj  1  +  X 

Thus  ~  -  ~  --- 

1  -  X 

or  Ai  -  A4  =  (1  +  X)  -  (1  -  X)  =  2X 

Ai  1  +  X  1  +  X 


Therefore 


A2.  _  1 

hi  X 


if  2X 
X  1  +  X 


_ 2 _ 

1  +  X 


Note  that  if  we  had  used  the  simplified  form  of  the  pressure  velocity 
relation  as  described  by  equation  7-2,  then  equation  7-10  would  have  the  form 


Al--  a4 

a2 


(7-16) 


Equation  7-16  may  be  obtained  from  equation  7-10  if  M 1 0 ( a 1 )  =  ^ic(a2)  anc* 

1  I 

e10 (U1 )  =  e 1 0 (a2 ) »  i*e.»  if  the  viscosity  of  the  fluid  is  neglected. 
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We  may  therefore  look  upon  the  factor 


appearing  in  equation  7-10  as  a  "throttling"  effect  due  to  the  fluid  viscosity. 

The  above  equations  can  be  used  for  the  division  of  an  artery  into  a 
number  of  branches  of  equal  size.  All  that  is  necessary  is  to  multiply  the 
right-hand  side  of  equation  7-10  by  the  number  of  branches  in  order  to  ac¬ 
count  for  the  larger  amount  of  flow.  See  equation  7-7.  Thus,  for  a  division 
into  two  equal  branches,  we  have  from  equation  7-10 

-4  C  <.*-)-  C(*.)] 

X,  i(l\  M,0(^  G 

U'  1  iwl 

Equation  7-17  applies  to  the  constrained  tube. 

Next  we  consider  the  artery  as  an  elastic  tube  with  equal  velocities  of 
wave  propagation  on  both  sides  of  the  junction,  Cq  =  Cq',  and  obtain  an  ex¬ 
pression  for  X.  From  the  condition  of  continuity  of  the  volume  rate  of  flow 
across  the  junction  we  write 


(7-18) 
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Now  if  eg  =  eg’,  then  equation  7-18  may  be  written  as 


e  Ln$ric 


krK  .  (l\ 

t"  ^ '  [  m,:  w 


(7-19) 


For  a  division  of  an  artery,  considered  as  an  elastic  tube,  into  two  equal 
branches  we  multiply  the  right-hand  side  of  equation  7-19  by  2  to  obtain: 


The  quantity  2  in  equation  7-20  is  the  ratio  of  the  combined  area  of  the 

branches  to  the  area  of  the  original  tube  and  is  called  the  area  ratio  of  the 
junction.  This  quantity  has  been  chosen  as  the  abscissa  in  figures  42-47. 

In  figure  42  the  variation  of  the  amplitude  of  the  refl  *ction  coefficient 
\  with  respect  to  the  area  ratio,  as  described  by  equation  7-17,  is  indicated 
for  four  values  of  a  in  the  incident  tube.  Recall  that  equation  7-17  was 
established  for  a  tube  with  stiff  longitudinal  constraint  and  equal  mass- 
loadim  on  the  original  artery  and  branches.  Figure  43  shows  the  correspond¬ 
ing  variation  of  phase  lag  of  the  reflected  wave.  Figures  44  and  45  are 
similar  sets  of  curves  with  \  as  defined  by  equation  7-20,  i.e.,  for  an  un¬ 
constrained  tube,  with  k=0,  o=l/2  and  the  wave  velocities  in  the  original 
tube  and  branches  being  assumed  to  be  equal.  In  figures  46  and  47  the  mass¬ 
loading  on  the  branches  has  been  increased,  the  assumption  being  made  that 
the  wave  velocity  is  inversely  proportional  to  the  radius  of  the  tube*.  See 
equation  7-21. 

If  in  equation  7-7  we  assume  that  the  wave  velocities  vary  inversely  as 
the  tube  radii, 

1  ,  ,1 

c  oc  —  and  c.n  «  — 

R  u  r 

then  for  a  division  of  an  artery,  considered  as  a  rigid  tube,  into  two  equal 
branches,  the  expression  for  a  is  of  the  form 
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Figure  42.  Variation  of  the  amplitude  of  the  reflected  wave  with 
respect  to  the  area  ratio  for  four  values  of  a  (oi}  =  5,  6,  8,  10) 
in  the  incident  tube.  The  reflected  wave  is  expressed  as  a  per¬ 
centage  of  the  incident  wave  at  a  division  of  the  artery  into  two 
equal  branches.  The  tube  is  in  the  condition  of  limiting  longi¬ 
tudinal  constraint  and  filled  with  a  viscous  fluid  and  a  nonviscous 
fluid,  -*  °°. 
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Figure  43.  Variation  of  the  phase  lag  of  the  reflected  wave  with 
respect  to  the  area  ratio  for  the  same  conditions  as  in  figure  42. 

For  the  nonviscous  fluid,  the  phase  lag  of  the  reflected  wave  changes 
from  0°  to  180°  at  the  point  where  the  amplitude  ratio  is  zero. 
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AMPLITUDE  RATIO 


Figure  44.  Variation  of  the  magnitude  of  reflected  waves  with 
respect  to  the  area  ratio  for  the  freely  moving  elastic  tube, 
k=0,  with  the  same  wave  velocity  on  either  side  of  the  junction 
and  o  =  0. 


Figure  45.  Variation  of  phase  lag  of  reflected  waves  for  the 
freely-moving  elastic  tube  with  k=0,  0= 1/2  and  the  same  wave 
velocity  on  either  side  of  the  junction. 
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Figure  46.  Variation  of  the  magnitude  of  reflected  waves  with 
respect  to  the  area  ratio  for  longitudinally  constrained  elastic 
tubes  as  in  figure  42,  but  with  a  greater  change  in  wave  veloc_ty 
between  incident  artery  and  branches.  Here  (cj/c2)  =  (r/R). 
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PHASE  LAG  OF  REFLECTED  WAVE 


AREA  RATIO 


Figure  47.  Variation  of  phase  lag  of  reflected  waves  with 
respect  to  area  ratio  for  the  longitudinally  constrained 
elastic  tubes  as  in  figure  42,  but  with  greater  change  in 
wave  velocity  between  incident  artery  and  branches.  Here 
(ci/c2)  =  (r/R). 


Now  we  shall  consider  the  case  when  each’  of  the  branches  is  of  the  same 
size  as  the  original  artery,  i.e. ,  r  *  R.  Moreover,  if  we  impose  the  con¬ 
dition  that  cti  =  <*2,  it  follows  that  all  the  above  expressions  for  X  reduce 
to  the  form  X  *  2.  From  equation  7-15  for  the  reflection  coefficient 


At  _  1  -  X 
Ax  "  1  +  X 

it  follows  that  for  X*?. 

A4  1 

A:  *  "  3 


(7-15) 


(7-22) 


Equation  7-22  implies  that  for  the  conditions  imposed,  the  amplitude  of  the 
reflected  wave  is  one-third  the  amplitude  of  the  incident  wave.  The  negative 
sign  indicates  that  the  incident  and  reflected  waves  are  180°  of  phase. 

In  figures  42-47,  note  that  all  the  curves  are  similar.  The  curves  have 
a  minimum  at  an  area  ratio  slightly  greater  than  1.0.  This  minimum  value 
occurs  at  a  higher  value  of  the  area  ratio,  the  greater  the  difference  in 
velocity  between  the  original  artery  and  the  branches.  Note  also  that  as 
this  difference  in  velocity  increases,  the  minimum  point  on  the  curve  Is 
sharper  and  lower.  In  figure  42  the  minimum  point  is  always  less  than  3%, 
whatever  the  value  of  a.  Although  the  minimum  is  higher  for  the  unconstrained 
tube,  it  is  less  critical. 

The  change  in  phase-lag  for  small  variations  in  the  area  ratio  is  very 
large  near  the  minimum  on  its  lower  side.  It  may  be  suggested  with  some 
confidence,  therefore,  that  if  the  increase  in  total  area  at  a  division 
into  two  branches  is  of  the  order  of  5%-30%,  the  amount  of  reflection  will 
be  fairly  small,  but  the  charge  in  phase  will  depend,  quite  critically,  on 
the  particular  conditions. 

Some  enhancement  of  the  harmonic  terms  in  the  pressure  is,  therefore, 
to  be  expected  at  each  reflection  as  long  as  the  increase  in  total  area  is 
not  too  great.  If  the  area  ratio  of  the  junction  is  greater  than  about  1.3 
or  1.4,  the  phase-lag  will  be  more  than  90°.  This  would  be  expected  to  cause 
"spreading"  rather  than  "peaking"  of  the  pulse  wave. 

For  three  or  more  branches,  the  relationships  between  the  reflection 
coefficient  and  the  area  ratio  are  very  similar  to  those  for  two  branches. 

The  point  of  minimum  reflection  is  at  a  higher  value  of  the  area  ratio,  and 
the  minimum  amplitude  is  itself  higher.  This  follows  from  the  greater  dif¬ 
ference  between  02  and  04  for  the  larger  number  of  branches.  The  change  in 
phase  is  more  gradual,  though  still  rapid  on  the  lower  side  of  the  minimum. 

If  the  iliac  junction  in  the  dog  if  treated  as  a  division  into  three  equal 
branches,  the  reflection  coefficient  has  an  amplitude  of  14%  and  the  phase 
change  on  reflection  has  a  lag  of  about  40°.  Treating  the  coeliac  region  as 
a  single  complex  junction  gives  an  estimated  amplitude  of  5%  and  a  phase-lag 
of  65°.  The  details  of  the  computation  are  shown  in  the  followin'-,,  subsection. 
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The  above  examples  are  grossly  oversimplified  to  be  regarded  as  directly 
applicable  to  reflections  in  the  arterial  system  as  they  stand.  However,  they 
demonstrate  the  existence  of  a  condition  of  minimum  reflection,  which  is  opti¬ 
mum  from  the  point  of  view  of  impedance  matching  at  the  junction  and  is  the 
condition  of  maximum  energy  transfer  through  it.  These  examples  also  indi¬ 
cate  the  way  to  a  reconciliation  of  the  apparent  contradiction  between  the 
damping  of  the  pulse  wave  in  transmission  and  the  observed  rise  in  systolic 
maximum  towards  the  periphery  of  the  arterial  system. 

When  a  number1  of  junctions  are  cascaded  in  series,  the  direct  method  of 
calculation  used  in  the  following  section  becomes  clumsy  and  tedious,  even 
for  a  small  number  of  junctions.  The  presence  of  other  junctions  will  modify 
these  figures  profoundly,  since  the  input  impedance  of  a  finite  length  of 
tube  is  not  the  same  as  that  of  a  tube  of  infinite  length  (Taylor,  1957; 

Kar reman,  1954). 


EXAMPLES:  THE  COELIAC  AND  ILIAC  JUNCTIONS 


As  an  application  of  the  preceding  discussion,  we  will  consider  the  co- 
eliac  and  iliac  junctions  in  the  dog,  schematically  illustrated  in  figures 
48,  49  and  50,  with  estimates  of  the  diameter  of  the  arteries  measured  in  cm 
and  of  the  pulse  velocity  in  cm/sec.  For  purposes  of  calculation,  shown 
below,  it  is  not  necessary  that  the  values  of  the  diameters  and  pulse  veloci¬ 
ties  be  exact,  as  long  as  their  ratios  are  reasonably  correct. 


F.v  st  we  consider  the  coeliac  junction  shown  in  figure  49.  Using  equa¬ 
tion  7--20,  with  unequal  wave  velocities  cq  and  cq'  and  the  fact  that 


incident  flow  in 


sum  of  the  transmitted  tlow  out 
through  each  of  the  five  tubes 


we  find  that 
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450  cm /sec  45u  cm/sec 


Figure  48.  Schematic  of  part  of  the  arterial  system  of  the  dog  with 
estimates  of  diameter  of  the  arteries  in  cm  and  of  the  pulse  velocity 
in  cm./ sec. 


3cd  BRANCH' —  ^4tl!  BRANCH 


Figure  49.  Schematic  representing  the  coeliac  junction  with  di¬ 
ameters  in  cm  and  the  amplitudes  Aj ,  and  A4  cf  the  incident, 
transmitted  and  reflected  waves  respectively. 
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m>^1  e 

h,:wj 


1 1 c  Ki  -  c  w] 


r  1/ 
1 


M,1 W  J 
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M„*WJ 


i[Cw-Cw] 


(7-22) 


Since  for  the  branches  numbered  four  and  five  we  find  that 

1)  the  cross  sectiors  are  the  same,  r4  =  rs; 

2)  the  pulse  velocity  is  the  same,  450  cm/sec; 

3)  the  values  of  the  as  are  the  same,  04  =  05; 

we  may  write  the  sum  of  the  third  and  fourth  terms  on  the  right-hand  side  of 
equation  7-22  as 


1  [  K)  - 1,„ 

mikiI  g 

M,'  W  1 
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Thus,  from  equation  7-22  we  write 


f/»23) 


Note  that  in  equation  7-23  we  have  denoted  the  fourth  and  fifth  branches  by 
the  fourth  branch  using  subscript  4.  For  convenience,  we  have  denoted  the 
branch  having  diameter  0.7  cm  as  the  fifth  branch  and  used  subscript  3 
(instead  of  6)  in  the  last  factor  on  the  right-hand  side  of  equation  7-23. 

For  the  calculation  of  X  we  refer  to  table  IV.  From  this  table  of 
values,  the  four  separate  terms  which  make  up  X  may  be  calculated  first,  in 
modulus  and  phase  form,  and  also  in  terms  of  real  and  imaginary  parts  as 
indicated  in  table  V.  From  table  V  we  write 

X  =  (0.9337)  +  i (0,1 181) 
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TABLE  IV 


TABULAR  FORM  FOR  CALCULATION  OF  X 


Branch 

Number 

Diameter 

(cm) 

a 

w" 

M10 

It 

e10 

Mio(an) 

e'lo(«n)  *  e'io(«l) 

R  2 
n 

Rl2 

1 

2 

0.85 

0.45 

8.5 

4.5 

0. 883r 
0.7956 

8.56° 

18.83° 

0.9005 

10.27“ 

0.2803 

3 

0.5 

5.0 

0.8127 

16.37° 

0.9199 

7.81° 

0.3460 

4 

0.35 

3.5 

0.7462 

27.16° 

0.8446 

18.60° 

0.1696 

5 

0.7 

7.9 

0.8608 

10.78° 

0.9743 

2.22° 

0.6782 

TABLE  V 


TABULAR 

AND 

FORM  OF  THE 
PHASE  FORM, 

FOUR  SEPARATE  TERMS  OF  X  IN  MODULUS 
AND  IN  REAL  AND  IMAGINARY  PARTS 

Term 

Number 

Modulus 

Phase 

Real 

Part 

Imaginary 

Part 

1 

0.1402 

10.27° 

0.1380 

0.0250 

2 

0.1768 

7.81° 

0.1752 

0.0240 

3 

0.1592 

18.60° 

0.1509 

0.0508 

4 

0.4729 

2.22° 

0.4716 

0.0183 

0.9357  0.1181 
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Thus  the  reflection  coefficient  has  the  value 


Ai  1  -  A  1  -  (0.9357  +  i  0.1181)  0.0643  -  i  0.1181 

A1“l+A“l+  0.9357  +  i  0.1181  =  1.9357  +  i  0.1181 


It  follows  that  the  amplitude  ratio  has  the  value 


=  °-048 


and  the  phase  lag  is 


„  -i  0.1181  ^ 

tan  0.0643  + 


tan 


-1 


0.1181  ^ 
1.9357  = 


65° 


These  results  indicate  that  for  the  model  of  the  coeliac  junction  chosen  here 
and  treated  as  an  unconstrained  tube,  the  reflected  wave  has  approximately  5% 
of  the  amplitude  of  the  incident  wave  and  is  almost  65°  behind  it  in  phase. 

Similarly,  if  we  consider  the  iliac  junction  as  a  division  into  three 
equal  branches,  as  indicated  in  figure  50,  we  find  that 


y  --  3(0^/  3£o\  j 

m:u  1 

\  o.bS)  \  4S0J 

m:mJ 

=  o.  7 Vo  +  l  ^o.  lu^oj 


‘UlW-CM] 

<2 


Thus 


At 

Ai 


0.1418 


and  the  phase  lag  is  39.53°. 


The  preceding  results  slow  that  for  a  wide  range  of  conditions,  re¬ 
flection  of  the  pressure  wave  will  cause  a  moderate  increase  in  amplitude  of 
the  transmitted  wave  for  a  correspondingly  moderate  increase  in  total  cross- 
sectional  area  at  the  junction. 
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Figure  50.  Schematic  repi- renting  the  iliac  junction  with  diameters 
in  cm  and  the  amplitudes  A  ,  A2  and  A4  of  the  incident,  transmitted 
and  reflected  waves  respectively. 


STANDING  WAVES  IN  ARTERIAL  SYSTEM 


Consider  a  junction  or  discontinuity  where  we  assume  that  the  following 
conditions  prevail: 


1. 


The  reflection  coefficient  has  an  amplitude  of  10%, 


Ai 

Al! 


x. 


2.  There  is  no  phase  lag  between  the  incident  and  reflected  pressu^ 
waves. 


3.  The  wave  velocity  is  independent  of  the  frequency,  a,  or  th  size  of 
the  tube. 


For  incorporating  these  assumptions,  we  let  the  incident  wave  form 
traveling  in  the  positive  z-direction  be  described  by 

.  in(t  -  z/c) 

Ae 

The  cort  bonding  reflected  wave  form  traveling  in  the  opposite  direction 
x:'  given 


Aein(t  +  z/c) 
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Thus  the  resultant  of  the  incident 


and  reflected  waves  is  described  by 


Aein(t  -  z/c>  + 


X |Aeinft  +  z/c) 

lioj Ae 


This  expression  may  be  written  as 


(7-24) 

According  to  this  expression,  we  may  say  that  the  transmitted  wave  is  made 
up  of  the  following  two  components: 

1)  a  component  which  is  9/10  of  the  incident  wave  and 


2)  another  component  which  Is  1/10  of  the  resultant  of  the  interaction 
between  the  incident  wave  and  the  reflected  wave. 


Now  we  may  write  the  expression  (7-24)  as 


*  Ae 

10 


in[t  -  Vc) 


int 


tn 


10 


Ae 


e  *  e 


or 


l7)(t-  Z/c) 


±  A  G 

10 


int 


L/\e 

10 


brini  _L  YT2  Col  vn  i  -dc-o  VIZ 

c  c  r  c  *  c 


or 
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or 


tnt 

I  AS  t£>J  YjJ. 
5  C 


(7-25) 

The  right-hand  side  of  equation  7-25  represents  the  resultant  of  a  wave  nine- 
tenths  of  the  amplitude  of  the  incident  wave  and  a  standing  wave  of  one-fifth 
of  its  amplitude. 


In  wave-guide  technology  this  latter  method  of  describing  conditions  is 
well  known  and  a  method  of  indicating  the  efficiency  of  energy  transfer  is 
the  standing  wave  ratio.  Since  voltage  is  measured,  it  is  called  the  voltage 
standing  wave  ratio  (VSWR).  The  corresponding  quantity  in  oscillatory  fluid 
flow  is  the  pressure  standing  wave  ratio  (PSWR) . 


The  PSWR  is  measured  as  follows. 


1)  If  there  is  no  reflected  wave,  then  measurements  of  the  amplitude 
of  pressure  variation  would  indicate  the  same  amplitude  at  all 
distances  from  the  junction  of  tubes. 


2)  If  there  is  a  reflected  wave  present,  then  the  earlier  expression 
for  the  resultant  wave, 


JL 

Aein(t  -  z/c)  + 

i' 

10 

5 

.  inf.  nz 
Ae  cos  — 
c 


indicates  that  the  maxima  and  minima  of  the  amplitude  of  the  oscil¬ 
latory  fluid  pressure  are  located  half  a  wavelength  apart. 


3)  In  the  extreme  case  of  total  reflection,  the  maxima  and  minima 
points  of  the  fluid  pressure  become  nodes  and  antinodes.  The 
standing  wave  ratio  which  is  defined  as 


maximum  amplitude  of  wave 
minimum  amplitude  of  wave 


is  a  measure  of  the  efficiency  of  energy  transfer  through  the 
junction.  In  the  earlier  expression  for  the  resultant  wave 


f91 

Aeln(t  " 

z/c)  + 

T 

i.  io  J 

A 

.  int  nz 
Ae  cos  — 
c 


the  efficiency  of  energy  transfer  through  the  junction  is  measured 
as  follows.  The  maximum  amplitude  of  the  -ransmitted  wave  is 
(9/10)A  +  (1/5) A  =  (11/I?)A.  The  minimum  amplitude  of  the  trans¬ 
mitted  wave  is  (9/10) A.  Thus  the  pressure  standing  wave  ratio  is 


]h9 


maximum  amplitude  of  wave  _  (11/10)A  11  i  22 

minimum  amplitude  of  wave  ~  (9/10)A  9 

If  there  is  total  reflection  at  the  junction,  with  no  transmission  of 

energy,  the  PSWR  is  infinite. 

The  method  of  measurement  of  the  PSWR  described  above  is  useless  in  the 
arterial  system,  since  it  would  be  impossible  to  find  anywhere  a  length  of 
artery  in  which  there  would  be  a  distance  of  half  a  wavelength  free  from 
other  junctions.  There  is  another  approach  to  the  measurement  of  the  PSWR 
which  can  be  used  in  the  arteries  if  simultaneous  measurements  of  press.-,  e 
and  pressure  gradient  are  available.  This  method  is  described  below. 

Let  the  Fourier  series  for  the  pressure  and  pressure  gradient  be 


a  jpQ  +  .Z  ^  Col 

*  K  +  2  P  e*  (™fc  -  Vm) 


-  a}> 


31 


A  +  Z  (  A 


Coi  mn  t  +  B.  vv^r»t 

VVi 


f\  +  Z-. 


Corresponding  to  cq/c  =  X  -  iY,  we  write 


X  -  iY 
c  m  m 
m 


(7-26) 


(7-27) 


(7-28) 


(7-30) 


Whe.  there  is  no  reflected  wave  present  and  the  pressure  gradient  is 
related  to  the  time  rate  of  change  of  pressure  according  to 


9p  1  3p 

3  c  3 1 
m 


(7-31) 


we  have,  using  equation  7-29  for  the  left-hand  side  and  equation  7-27  for 
the  right-hand  side,  together  with  equation  7-30, 
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ALv\ 


It  follows  that 


(7-32) 


(7-33) 


Again,  using  equations  7-26  and  7-28  with  equation  7-31,  equating  real 
and  imaginary  parts,  we  obtain 


K' 

X  "  t;  (  QA  -  XX) 


The  relationship  between  pressure  and  pressure  gradient  in  the  case  of 
no  reflected  wave  is  obtained  us  follows.  From  the  representation  of  pressure 
for  no  reflected  wave 
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bH 


I"  ( t  -  Vc) 


we  have 


A.e 

.  -  ijQ 

51.  '  c. 


irxl^t  - 


a 


bl 


I* 


If  there  is  a  reflected  wave  present,  then  the  representation  for  the 
pressure  is 


i.*(t  -  *&) 

A,e 


and  the  pressure  gradient  is  of  the  form 


In  the  presence  of  a  reflected  wave,  the  total  wave  at  any  point  of  the 
longitudinal  axis  to  the  left  of  the  point  of  reflection  is  composed  of  che 
sum  of  the  incident  and  the  reflected  waves.  In  terms  of  Fourier  series, 
the  tota.1  wave  is  the  sum  of  the  Fourier  decomposition  of  the  original  inci¬ 
dent  wave  and  the  Fourier  decomposition  of  the  reflected  wave.  Earlier,  we 
had  written  the  pressure  for  the  total  wave  in  the  form 
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►  -  A,C  +  AkC 

where  and  A2  are  complex. 

For  the  m*h  harmonic  of  the  total  pressure  wave,  we  may  write 

ttri-n  ( t  -  i/c)  Iv*y\  (  t  +  Vcj 

b  .  A,  C 

I  TV\  I*' 


Since  the  coefficients  and  A^^  are  complex,  we  may  write  them  in  the  form 

_.  . » 

A,  =  P'  e  for  the  incident  wave 

lm  m 

11 

A„  =  p"  e  for  the  reflected  wave 

2m  a 

Here  P  '  and  ip  ’  are  the  modulus  and  phase  of  the  amplitude  of  the  inci- 
m  m 

dent  wave  and  P  "  and  ip  ’’  for  the  amplitude  of  the  reflected  wave.  Thus  the 
th  m  1,1 

m  harmonic  of  the  total  pressure  wave  is  described  by  the  expression 


-14^  Lrry„(t-l/ 'L^  Vc) 

?c  c  +p  c  e 


(7-36) 


As  earlier,  we  take  the  origin,  z=0,  at  the  point  of  reflection 
(junction)  and  back  off  from  the  origin  a  distance,  £,  ’•=? ,  where  the 
total  wave  is  present  and  make  our  measurements.  Note  that,  at  the 
instant  of  measuring  the  pressure,  time  is  frozen,  t-0,  and  the  place  of 
measurement  is  at  z=-£.  Substituting  t=0  and  z=-£  into  the  expression 
(7-36),  we  have 


d  c  ♦  P  £ 


-  L  U  _  t  yr\  n  ^/c 
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We  may  denote  this  expression  at  the  point  of  measurement  by  Pme  and  write 

°r  -'■V-L  *  iyr"'  fyc,  „  -t-rnjxtfc 

va  +  p.  a 


We  may  denote  cais  expression  in  modulus  and  phase  form  by  e  and  write 


.  ?  a 


l/c  „  -i-Vm Vc 


♦  p_e 


(7-37) 


Similarly,  for  the  pressure  gradient,  we  hfive  from  the  relation 

_  A  £  -A  Q 

n  "  c  l  ' 


for  the  m  harmonic 


,  iv«v\(r-  tycj  0  trr»v\  +■  Z/^ 

pa  q.  -la  & 


-  l  +  C-mn  (/t  _  L  yj  -  t  urn  Vc 


i  p  a 

W\  ^ 


-  p  a 
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which  is  obtained  by  substituting  t=0  and  z=-l  at  the  point  and  instant  of 
measurement.  We  may  denote  this  representation  of  the  pressure  gradient  in 
modulus  and  phase  form  by  e  1^’in  and  write 


-  t  V  +  im\r » 


-  tmri 


(7-38) 

In  the  presence  of  reflection,  the  ratio  (M  /P  )(c  /mn)  describing  the 
th  ni  m  o 

amplitude  of  the  m  harmonic  of  the  pressure  wave,  equation  7-32,  now  depends 
on  the  reflection  coefficient  at  the  junction  and  the  distance  of  the  point 
of  measurement  from  it. 

Now  we  shall  obtain  the  reflection  coefficient  at  the  junction  when  a 
reflected  wave  is  present.  To  this  end,  we  divide  equation  7-38  by  equation 
7-37  and  obtain 


J_\  Mn,  C»,  Q, 

i  I  V  m 

1  Vr\ 


IY)  £/c 


(7-39) 
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If  we  set 


(7-40) 


then  from  equation  7-39  we  note  that 


K 


.£ 

£'LVm 


i  + 


It 


in  £ 


/c 


•»V» 


(7-41) 


where  the  numerator  and  denominator  of  the  right-hand  side  of  equation 
7-39  has  been  divided  by  P^'  e  +  ^/cm.  Equation  7-41  may  be  written 

as 


K  = 


1  -  A 
1  +  A 


(7-42) 


where 


k  -- 


From  equation  7-42  it  follows  that 


A  = 


1  -  K 
1  +  K 
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(7-43) 


The  quantity 
complex  form, 


— - T" — r  is  the  reflection  coefficient  of  the  junction  in 

p  »  e"1^ 

i.e.,  it  is  the  same  as  the  quantity  A^/ of  equation  7-15 


Av_  .  I  -  ^  (7-15) 

A,  •  1  ^ 

Combining  equations  7-15  and  7-43  we  have 


>-* 

u  X 


i,in 

e 


Vv\ 


(7-44) 

If,  therefore,  the  geometry  of  the  junction  is  known,  the  theory  can  be 
tested  by  calculating  X  and  K  and  attempting  to  find  a  cq  which  is  con¬ 
sistent  for  all  harmonics. 


DISCONTINUITY  DUE  TO  ELECTROMAGNETIC  FLOWMETER  I 

There  is  another  type  of  simple  discontinuity  which  has  the  opposite 
effect  from  that  of  a  junction  or  a  constriction,  and  which  has  an  important 
practical  application.  Some  types  of  electromagnetic  flowmeters  require  the 
insertion  in  the  artery  of  a  short  length  of  rigid  tube,  or  may  confine  the 
artery  by  means  of  a  cuff-.  The  effect  of  such  an  artifact  on  steady  flow  is 
negligible.  However,  if  the  flow  has  large  oscillatory  components,  d:  tort  Lon 
is  introduced. 


Consider  a  tube,  elastic  for  the  most  part,  which  has  in  it  a  stationary, 
rigid  portion  of  length  l.  See  figure  51.  Suppose 

1)  the  incident  pressure  wave  is  described  by  Aj  Z^c^  in  the 

elastic  portion; 

2)  the  reflected  pressure  wave  is  described  by  A4  e*T1^t  ' in  the 
elastic  portion; 

3)  at  the  incident  end  of  the  rigid  portion,  z  =  0; 

4)  at  z*0  the  pressure  wave  is  described  by  A2  e*  ,  which  is  obtained 
from  A2  e*n^t  z^  by  setting  z**0; 

5)  at  z“£.  the  pressure  wave  is  described  by  A3  e1  .  This  is  obtained 
from  A3  e*n^t  Z/^  by  setting  z«i  and  considering  l/c  negligible, 
since  c  in  the  rigid  portion  is  numerically  much  larger  than  Z.  This 
is  correct,  since  the  transmission  velocity  in  the  rigid  portion  is 
infinite. 

For  continuity  of  pressure  across  the  discontinuity, 

1)  the  transmitted  pressure  wave  is  described  by  A3  ein^fc  Z/^  and 

2)  Ai  +  A4  =*  A2  (7-45) 

For  continuity  of  flow  across  the  discontinuity,  we  must  have  for  the 
elastic-rigid-elastic  tube 


In  equation  7-46,  note  that  the  pressure  gradient  in  the  rigid  portion 
is  (A2  -  A3) /£.  In  the  elastic-rigid  portion,  the  change  from  1/pc  to 
1/inpS,,  is  on  account  of  the  face  that  in  the  elastic  portion  the  flow  is 
due  to  pressure  and  in  the  rigid  portion  the  flow  is  due  to  pressure  gradient. 
Furthermore,  since  the  artery  is  assumed  to  be  of  the  same  diameter  throughout 


(across  the  discontinuity),  the  value  of  a(=  R  J?>  is  the  same  at  all  points 
of  the  artery. 
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Figure  51.  Discontinuity  due  to  either  the  insertion  of  a  short 
length  of  rigid  tube  into  the  artery  or  the  confinement  of  the 
artery  by  means  of  a  cuff. 


From  equation  7-46  we  write 


*•«•»(*) 


>,•»,)  Kioe. 

K  A  "  /  \  D  *o 


m.  w  e 


w 


(7-47) 


Now  Ai  +  A4  =  A2  and  A3  -  A4  =  A3.  Subtracting,  we  obtain 

2A4  =  A2  -  A3 

Using  this  relation  in  equation  7-47  we  have 


(7-4?) 
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Dividing  both  sides  of  equation  7-48  by  A4, 


we  obtain 


,  1  [  C  w  -  Cm] 

L  =.  1 1  K.  (*) .  Q, 

k 


(7-49) 


Since 


Al  ,  Ai_zJk.  „  1  Ah 

Ai  Ai  A! 


we  have  from  equation  7-49 


For  the  limiting  condition  of  stiff  constraint,  Mig'/Mig"  «  1  and 
e 1 0 f  ■  eio"»  and  equation  7-50,  describing  the  ratio  of  the  transmitted 
wave  to  the  incident  wave,  simplifies  to  the  form 


(7-50) 


A^  _  1  _  K  -  _ I _ 

A,  Ai  /  +  ini 

2C 


or 


A, 

A, 


I  + 


l _ 

jy\t  (  Co\ 
iCo  vc/ 


(7-51) 


The  pressure  gradient  In  the  rigid  portion,  (A2  -  A^)/Z,  may  also  be 
found  in  terms  of  the  magnitude  of  the  incident  pressure  wave,  A^ ,  as  follows. 
From  equation  7-46,  for  the  limiting  condition  of  stiff  constraint,  we  write 
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A,  -  ftn  .  A,.-  A, 

ft  i-n  f-£. 

Dividing  both  sides  by  ,  we  obtain 


A,- A, 


A*\  j_ 
M  fc 


Combining  this  result  with  ec cation  7—51 ,  we  have 


In  equation  7-52,  note  that  the  left-hand  side  describes  the  flow  in  the 
rigid  portion  (flowmeter  portion),  the  factor  Ai/pc  describes  the  incident 


flow  and 


1  + 


1  _ 

ini  (  CoA 

Tec'*1 


t  1 


Therefore  the  rate  of  flow  as  measured  by  the  flowmeter  is  reduced,  i.e., 


A>.  ~  A*  4 

=  Pc 
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Thus,  from  the  flowmeter  observation,  we  should  be  able  to  calculate  what  the 
flow  would  have  been,  had  it  not  been  distorted  by  the  flowmeter. 

As  an  example,  suppose  the  artery  is  confined  in  a  cuff  which  is  15  mm 
long.  In  the  femoral  artery  of  the  dog,  taking  the  wave  velocity,  c  * 

450  cm/sec,  and  a  pulse  frequency  of  3  cycles  per  second,  i.e., 
n  ■  2irf  ■  (2ir)3  •  6ir,  we  find  that  the  ratio  of  the  amplitude  of  the 
transmitted  wave  to  the  incident  wave  is 


k  _L_ 

A,  1 1  Lsl 

1C 


f 


I  t 


l  (fefQM 
2.(^0) 


I 


I  + 


in 

loo 


(7-53) 


Since  this  result  is  good  for  all  the  harmonics,  we  may  write 

X)  ,  i  ( k)  --  _ i _ 

Mm  1+  tsui  and  8et  \  A,  L  1+  in™ 

'  1C  '  too 

where  m  is  the  order  of  the  harmonic.  We  have  neglected  the  ratio  co/c  in 
equation  7-53,  since  the  calculation  is  only  intended  to  show  the  order  of 
magnitude  of  the  effect  of  introducing  the  cuff.  For  the  4 th  harmonic,  the 
reduction  in  amplitude  is  about  1%  and  the  phase  lag  about  7°.  Thus  for  this 
instrument  the  effect  of  the  cuff  is  negligible. 

Tn  practice,  electromagnetic  flowmeters  have  been  used  with  flexible 
plastic  tubes  leading  from  a  severed  artery  in  which  the  effective  length  of 
the  rigid  insert  is  15  cm  or  more.  Table  VI  indicates  the  magnitude  of  the 
ratio  A3/A1  and  the  phase  lag  for  the  first  four  harmonics  in  the  femoral 
artery  of  the  dog.  From  the  results  shown  in  table  VI  we  conclude  that  an 
electromagnetic  flowmeter  with  a  rigid  insert  of  15  cm  or  more  cannot  repre¬ 
sent  normal  conditions  in  the  artery.  Any  rigid  insert  or  cuff  which  confines 
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TABLE  VI 


The  Amplitude  and  Phase  Lag  of  the  Ratio  of  the 
Transmitted  Wave  to  the  Incident  Wave  for  the 
First  Four  Harmonics  of  the  Pulse  Wave  in  the 
Femoral  Artery  of  the  Dog 


Harmonic 

m 


Al 

Ai 


-  Phase  (4^ 
Ai 


} 


1 

0.946 

19° 

2 

0.847 

32.15 

3 

0.728 

43.3° 

4 

0.643 

51.5° 

the  artery,  acts  as  a  lovz-pass  filter  and  introduces  both  phase  and  amplitude 
distortion  of  the  pulse  wave.  Therefore,  it  is  of  the  greatest  importance 
that  inserts  of  this  kind  should  be  kept  as  short  as  possible. 

We  will  now  show  details  of  calculations  that  have  to  be  made  for  cor¬ 
rections  of  observations  of  flow  with  an  electromagnetic  flowmeter  having  a 
rigid  insert. 

Suppose  that  the  observed  flow,  F(t.),  made  with  an  electromagnetic  flow¬ 
meter  can  be  represented  by  the  Fourier  series 


F(t)  =  A  +  y  (A  cos  unit  +  B  sin  mnt) 
o  u  m  m 

m 

For  the  corrected  flow,  G(t),  we  write  to  a  first  approximation 

G(t)  =  F(t)  +  if  (At) 


(7-54) 


(7-55) 


where  At  =  SL/c  =  amount  of  time  it  takes  for  the  flow  to  travel  over  the 
distance  of  measurement  downstream  from  the  origin,  z=0. 

Suppose  that  the  corrected  flow  can  be  represented  by 


G (t )  =  A  +  y (A  > os  mnt  +  B' 
o  L  m  m 

m 


sin  mnt) 


(7-5'' ) 
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From  equations  7-54  and  7-55  we  write 


G(t)  •  F(t)  +  (|) 


+  I<A, 


m 


m 


cos  mnt  +  B  sin  mnt) 
m 


-  A  (inn)  sin  mnt  +  B  (mn)  cos  mnt 
m  m 


(7-57) 


Equating  the  coefficients  of  cos  (mnt)  and  sin  (mnt)  appearing  on  the  right- 
hand  sides  of  equations  7-56  and  7-57,  we  find  that 


A  ' 
m 


A  +  (2irf  ;ra(~)B 
m  cm 


(7-58) 


B  ' 
m 


B  -  (2irf  )m(~)A 
m  cm 


(7-59) 


Thus,  in  the  Fourier  series  for  the  corrected  flow,  equation  7-56,  we  use 
the  values  of  the  corrected  oefficients  A  '  and  B  '  as  given  by  equations 

n  c  a i  n  r  f\  ®  ® 


DISCONTINUITY  DUE  TO  ELECTROMAGNETIC  TLOWMETER  II 

In  another  type  of  electromagnetic  flowmeter,  the  artery  is  pressed 
between  the  poles  of  the  magnet.  The  diameter  of  the  artery  across  the  gap 
is  reduced  by  about  20%  but  left  free  to  expand  In  the  perpendicular  direc¬ 
tion.  It  is  claimed  that  this  constriction  in  diameter  will  have  a  trivial 
effect  on  the  rate  of  flow,  since  the  cross-sectional  area  is  reduced  by 
only  6%.  Although  the  present  theory  does  not  take  into  account  any  effect 
on  the  flow  produced  by  the  change  in  shape  due  to  the  lateral  compression 
of  the  artery,  we  shall  calculate  the  reflection  produced  by  this  order  of 
change  in  area  due  to  the  artery  being  pressed  between  the  poles  of  a  magnet. 

Accordingly,  we  make  the  following  assumptions: 

(1)  Let  the  width  of  the  pole  pieces  of  the  magnet  be  i  cm.  The  pres¬ 
sure  gradient  is  measured  over  the  tube  length  Z. 

(2)  The  velocity  of  the  pressure  wave  is  unchanged  by  the  lateral  com¬ 
pression  of  the  artery. 

(3)  The  width  Z  is  so  small  that  repeated  reflections  at  the  two  ends 
will  be  taken  into  account. 

(4)  The  fluid  pressure  in  tte  absence  of  the  constriction  (due  to 
flowmeter)  is  given  by  Aj  e*n^r 

(5)  The  origin  of  the  longitudinal  axis,  z-0,  is  at  the  point  of  the  con¬ 
striction,  i.e.,  at  the  proximal  end  of  the  narrower  portion  of  the  tube. 


204 


z*o 


INCIDENT  WAVE  F 

II  ll-I.I.I.  . . —  I...-!-— { 

l 

l 

REFLECTED  WAVE  ! 


£ 


Z-J0 


i  TRANSMITTED  WAVE 
,  — - - — » 


i 


CONSTRICTION  OF  ARTERY 


Figure  52.  Schematic  representing  the  constriction 
of  the  artery  by  the  poles  of  a  magnet. 


We  recall  equation  7-10  f>  ”  the  reflection  coefficient  X 


u 

A. 


^  *  (r) 


M*  K)  |  Q. 

L  MlH 


(7-10) 


For  a  6%  reduction  in  cross-sectional  area  due  to  the  constriction, 
equation  7-10  has  the  form 


A  . 

?dot.|W\ftL 


(o.u) 


m„  (.*>)  |  e 

M,1  («*>) 


1  ‘A.  t  [  C  (»■)-  UU'l] 


(7-60) 


Equation  7-60  gives  the  value  of  X  at  the  proximal  end  of  the  narrower 
portion  of  the  tube.  At  the  distal  end  of  the  constriction,  because  of 
the  inversion  of  the  cross-sectional  area,  the  value  of  X  will  be 

x  =  _ 1 _ 

distal  X  .  , 

proximal 
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If  Ax  is  the  amplitude  of  the  incident  pressure  wave  and  A 4  is  the 
amplitude  of  the  reflected  wave  at  the  proximal  end  of  the  constriction 
then,  as  earlier,  we  have 


Aij.  =  1  -  X 
Ax  1  +  X 


(7-15) 


If  A3  is  the  amplitude  of  the  transmitted  pressure  wave  (transmitted  through 
the  constriction) ,  then  from  the  continuity  of  pressure  across  the  constric¬ 
tion,  we  write 

Ai  +  A4  *  A3 

Dividing  through  by  Ax ,  we  have 


or 


or 


1  + 


At  =  Ai 
Al  A! 


1  + 


l_-_ 
1  + 


Ai 

Al 


Ai  _ _ A _ 

Ax  1  +  X 


When  this  transmitted  pressure  wave  reaches  the  distal  end  of  the  constric¬ 
tion,  z=£,  its  amplitude  will  be  modified  according  to 


a3 


-int 

e 


(7-61) 


Since  t 


length  of  constriction  traveled  by  wave 
velocity  of  wave 


7-61  in  the  form 


jL 

c 


we  write  equation 


At  the  distal  end  of  the  constriction,  this  tiansmitted  wave  will  give  rise 
to  a  reflected  wave  of  amplitude  A3  given  by 


\ 

•r 
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Here  A3  represents  the  reflected  wave  from  the  distal  end  and  Aj  is  the 
original  incident  wave.  In  traveling  back  again  to  the  proximal  end,  this 
reflected  wave  will  be  attenuated  and  described  by 


At  the  proximal  end  of  the  constriction,  this  wave  will  be  transmitted  back 
into  the  larger  tube  with  amplitude 


- 


The  factor  2 A / ( 1  +  X)  appearing  above  may  be  explained  as  follows.  Initially, 
both  the  incident  v.’ave  and  the  transmitted  wave  were  going  in  the  same  direc¬ 
tion  and  we  used  the  continuity  condition 


207 


Ai  +  A4  *  A3 


to  obtain 


A l  = 
Al 


2 

1  +  A 


Now,  on  account  of  reflection,  we  have  to  use  the  continuity  condition 


from  which  we  obtain 


-Ai  +  A4  “  "A3 


Al=^„AiL=i_  ,x  A.  _2A — 

A!  A  Ai  +  V  1  +  A 


For  higher  orders  of  reflection,  i.e.,  when  the  same  wave  has  gone 
through  several  reflections,  each  time  the  wave  traverses  the  constriction 
in  both  directions,  it  reappears  at  the  proximal  end  as  a  reflected  wave 
with  its  amplitude  reduced  in  the  ratio 


-ltr >?/c 

.  Q. 

a, 


Comparing  the  wave  forms  given  by  (a)  and  (b)  above,  note  that  the  ampli¬ 
tude  of  the  transmitted  wave  at  z=0,  going  to  the  right  is 

Al  ^1  +  A^ 

and  the  amplitude  of  the  reflected  wave  transmitted  back  (returning  back) 
into  the  large  tube  is  described  by  form  (a'  . 

Since  these  waves  are  going  on  and  on,  back  and  forth,  it  follows  that 
if  we  add  together  all  the  reflected  waves  except  the  first  (using  this  as 
a  reference  term)  we  obtain  a  geometric  progression  whose  first  term  is 
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and  whose  connnon  ratio  is 


-  lt-n  (?/c 


Q. 

(uxy 


We  recall  that  the  first  reflected  wave  at  the  proximal  end  of  the 
constriction  has  an  amplitude  of 


A 


_l_V  Q 

UX/\  '\  +  \  J 


As  mentioned  above,  we  neglect  this  wave  in  the  geometric  progression  and 
use  it  as  the  reference  term.  The  first  reflected  wave  at  the  proximal  end 
of  constriction  will  be  transmitted  back  into  the  larger  tube  with  amplitude 


» 


This  is  the  first  term  of  the  geometric  progression.  Again,  when  the  last 
wave  above  is  reflected,  its  amplitude  becomes 


[AKV  ] 

[(viV^G 

'  *+>A  it»j  J 

LVvy\»+V  J 

=  (first  term  of  geometric  progression)  (common  ratio) 
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The  sum  of  the  geometric  series  given  by  - — ferst  becomes 

°  1  -  common  ratio  * 


AjijLDM  £ 

-  2  L  r»  £/c 

I  -  (  &)(  &)  A 


k  (  a 


We  recall  that  the  equation  for  continuity  of  flow  in  the  constrained 
tube  is  given  by  equation  7-7.  Equation  7-7,  under  the  assumption  that  the 
masc  loading  is  the  same  for  the  two  tubes,  has  the  form  given  by  equation 
7-10.  Now,  in  calculating  the  flow  to  the  right  of  the  constriction,  the 
sum  of  all  the  amplitudes  of  the  reflected  terms  must  be  subtracted  from  Aj , 
the  amplitude  of  the  incident  pressure  wave,  i.e.,  Aj  -  (A4  +  sum  of  all  the 
other  A4s).  Here  Aj  is  the  amplitude  of  the  incident  wave  going  to  the  right, 
A4  is  the  amplitude  of  the  first  reflected  wave  to  the  left  which  was  used 
a-  a  reference  term  ana  left  out.  The  sum  of  all  the  other  A4s,  i.e.,  the 
sum  of  all  the  other  reflected  waves  is  given  by  the  sum  of  the  geometric 
progression.  The  above  statement  may  be  written  as 


-  iir\d/c 

k  -(  '->\A  .  A  f  X  \\ 
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For  the  ratio 


flow  in  tube  with  the  constriction 
flow  in  tube  without  the  constriction 


we  write 


-it  v\h 


Q. 


-  Q, 


K 


-Itv\^/C 


s  /  - 


Izl 
l  +  X/  V  i 


l  +  Aj 


(it  *)  <2. 


12L  -t±-\ 

It*  M+X) 

,  _  -  %iy\t/e 

(7-62) 
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We  now  assume  that  the  flowmet  ;r  constricts  the  tube  by  only  a  small 
fraction  of  its  original  total  aiea.  Accordingly  we  write 

A  =  1  -  6 

where  5  is  small  and  neglect  second  and  higher  powers  of  5  appearing  in  the 
terms  (1+A)2,  2A  (X-l)  of  equation  7-62.  Thus 

2A  =  2(1  -  6) 

1  +  A  ~  1  +  (1  -  6)  =  2  -  6 


2(A  -  1)  =  2(1  -  6  -  1)  =  -26 


(1  +  A)2  =  (1  +  1  -  6)2  =  (2  -  6)2  =  4  -  46 
2A (A  -  1)  =  2(1  -  6) (1  -  6  -  1)  «  -26  +  262  =  -26 
and  the  flow  ratio  described  by  equation  7-62  has  the  form 


flow  ratio  =  ■ 

-0-0 1 

f 

1- 

(-,6)e  ii 

i 

iX  Q 

-  alia  0/t 


(i-s)  *  ^  Q 


-atn 


(7-63) 
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The  first  factor  in  equation  7-63  s  cy  be  written  as 


/  c. 

up  to  first  order.  In  the  second  factor,  the  maximum  value  of  e 
is  1.  Therefore,  we  may  write 


I  + 


l 


since  6  is  small  compared  with  2.  Thus,  equation  7-63  reduces  to  the  form 


flow  ratio  =  1 


6_ 

2 


(7-64) 


?rom  equation  7-64  we  conclude  that  the  effect.  of  the  flowmeter  on  the 
flow  Is  very  small  for  a  slight  constriction  of  short  length. 
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SECTION  VIII 


CORRECTION  FOR  THE  OSCILLATORY  VARIATION  IN  TUBE  DIAMETER 


INTRODUCTION 

Earlier,  from  the  point  of  view  of  motion  of  the  liquid,  we  had  regarded 
the  diameter  of  the  tube  as  constant.  Actually,  at  any  instant,  the  cross 
section  of  the  elastic  tube  must  be  considered  to  be  deformed.  We  make  this 
correction  for  the  oscillatory  variation  in  the  tube  radius  in  the  equations 
of  liquid  motion,  assume  that  the  lines  of  laminar  flow  expand  and  contract 
with  the  artery  and  neglect  inertia  terms  and  second  order  effects  of  the 
longitudinal  fluid  velocity.  We  seek  a  solution  of  the  resulting  equation 
with  the  pressure  gradient,  longitudinal  velocity  and  tube  deformation  ex¬ 
pressed  in  the  form  of  a  Fourier  series.  We  also  obtain  corrections  for  the 
interactions  between  the  harmonic  components  and  apply  the  results  to  arterial 
flow. 


HARMONIC  RE  ’RESENTATIONS  FOR  w,  and 

o  Z  R 

Up  to  this  point,  the  volume  rate  of  flow,  Q,  and  the  average  longitudinal 
fluid  velocity,  w,  have  been  used  freely  as  indicators  of  "flow,"  under  the 
assumption  that 

Q  =  (ttR2)w  =  (ttR2  )— — (1  +  nF10)eint  (8-1) 

P0C 

where  R  denotes  the  constant  tube  radius.  However,  equation  8-1  is  approxi¬ 
mate1  y  true  only  nee  at  any  time  the  radius  of  the  elastic  tube  is  not  R 
but  R+5,  and  E,  va  les  with  time.  Thus,  at  any  instant,  the  cross-sectional 
ar^a  due  to  a  change,  E,,  along  the  radius  is 

(R  +  5)2  =  tt(R2  +  2£R  +  E2)  =  tt(R2  +  2£R) 
up  to  first  order  in  the  correction  E>  Moreover,  we  may  write 
7T  (R2  +  2£R)  =  ttR2  +  2tt?R  =  ttR2  [  1  +  (2£/R)] 


Note  that  at  any  instant,  the  cross  section  of  the  tube  is  made  up  of  the 
constant  cross  section  ttR2  and  a  first-order  change  in  the  cross  section 
2tt£R. 


214 


Taking  into  account  the  radial  change,  C»  we  may  write  a  better  approxi¬ 
mation  for  the  volume  rate  of  flow  as 

wt 

q  .  o 0  *  4)  p  ^  F-)e  <8~2> 

_  2C 

Inserting  the  value  w  =  from  equation  6-33,  we  have 

Q  =  irR2(l+^)w  (8-3) 

Even  this  representation  for  Q,  equation  8-3,  is  not  fully  corrected  for  the 
oscillatory  variation  in  the  radius.  In  what  follows,  we  shall  allow  for 
this  variation  in  the  radius. 

Recall  the  longitudinal  equation  of  motion  of  the  fluid  when  the  tube 
radius  is  considered  constant 


3w 

3r 


+  w 


3w 

3z 


1  3p  .  32w  ,  1  3w  32w 
PO  3z  V  3r2  r  3r  3z2 


(3-28) 


In  equation  3-28  we  change  the  independent  variable  according  to  y  =  r/R 
and  replace  R  by  R+C.  Moreover,  we  delete  the  inertia  terms  u(3w/3r)  and 
w(3w/3z).  Furthermore,  the  second-order  change  in  w,  32w/3z2,  is  neglected 
because  it  is  of  order  n2R2/c2.  Thus  equation  3-28  reduces  to  the  form 


Since 


and 


1_  3w  _  1  3p  32w  ,  1_  3w 
v  3t  "  pov  3z  3r2  r  3r 

*  -  | 

7  at  ^ 

at'-  at  \  at  /  ft 
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equation  8-4  has  the  form 


jl  -  _  _l_  ^b  +  j_  +  \ur 
v  foV*  22  Rv  ^  R^  ^ 

+  j_  ^ur  R^  ^uT  _  R  ^b 

^  "  r  '  7  ^z 


Making  the  change  from  R2  to  R2(l  +  in  equation  8-5,  we  obtain  the 

eouation  of  motion  of  the  fluid  corrected  for  the  radial  expansion  in  the 
form 


92w  1  9w 

3y2  y  3y 


25)  >2  ,  £n  + 

R ' 3t  y  u 


15,92 

R  y3z 


(8-6) 


If  we  seek  a  solution  of  equation  8-6  which  is  of  the  same  form  as  the  solu¬ 
tion  of  equation  3-28  for  a  constant  radius,  we  can  imagine  the  quantities 
3p/9z ,  w,  and  2?/R  in  equation  8-6  represented  in  terms  of  Fourier  series  in 
n(t-z/c).  As  a  result,  the  products  of  the  Fourier  series  can  b.  multiplied 
out  and  a  set  of  equations  representing  the  fluid  velocity  components  obtained 
by  collecting  up  corresponding  terms.  However,  the  wave  velocity,  c,  is  not 
the  same  at  all  frequencies,  i.e.,  c  is  a  function  of  the  harmonics  m  = 
1,2,3,...  .  In  other  words,  each  harmonic  in  the  Fourier  series  has  a 
particular  c  associated  with  it,  and  on  multiplying  two  periodic  terms  to¬ 
gether,  there  will  be  some  exponential  terms  "left  over,"  as  it  were,  which 
would  disappear  (being  equal  to  unity)  in  a  system  with  constant  wave  velocity. 
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then  the  Fourier  expansion  of  the  product  of  f^  and  is  given  by 


if  c  =  c  .  We  call  the  common  value  of  c  and  c  by  c  . 
m  p  m  p  s 

for  the  product  f>f2  may  be  written  in  the  form 


This  representation 


(8-8) 


when  the  wove  velocity  is  the  same  for  different  harmonics.  We  note  that  the 
above  representation,  equation  8-8,  has  the  same  form  as  the  expansions  used 
for  the  functions  p,  u  and  w  in  the  solution  of  equation  3-28. 

We  compare  the  two  expansions,  equation  8-7  for  and  equation  8-8 

for  cm  =  c  , to  see  how  far  off  we  are  in  using  the  regular  Fourier  expansion. 
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For  example,  if  the  sum  of  the  harmonics  appearing  in  the  two  functions 
fi  and  f£  is  s  =  n  +  p  =  4,  then  the  combinations  of  m  and  p  which  add  up  to 
4  may  be  tabulated  as  follows: 


m _ £ 

0  4 

1  3 

2  2 

3  1 

4  0 


Note  tiat  the  two  sets  of  values  given  by  m  =  0 ,  p  =  4  and  m  =  4,  p  =  0 
satisfy  both  representations  (8-7  and  8-8  above) . 

Let  us  denote  the  dist  t  values  of  c  corresponding  to  the  first  four 
harmonics  by  c^ ,  C£,  C3  and  C4.  Comparing  the  two  representations  (8-7  and 
8-8),  i.e.,  taking  the  ratios,  we  find  that 

‘"Ltl—iO  - 1  O/L*  W3 


and  if  s  =  m  +  p  =  2,  with  ,.1  -  i  and  p  =  1,  we  have 

V  '/c, 

<2 
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When  s  =  m  +  p  =  3,  with  m  =  1  and  p  =  2  or  with  m  =  2  and  p  =  1,  we  have 


When  s  =  m  +  p  =  4,  with  m  =  2  and  p  =  2,  we  have 


When  s  =  m  +  p  =  4,  with  m  =  1  and  p  =  3  or  with  m  =  3  and  p  =  1,  we  have 


Thus  the  quantities  of  interest  are  the  following 


1) 

2) 

3) 

4) 


_1 _ 1_ 

c2  ~  C! 

J _ 2 _ 1_ 

c3  c2  ci 

_  JL_ 

c4  "  c2 

_4 _ 3 _ l_ 

c4  c3  C1 


From  figure  24  we  note  the  variation  of  ci/cg  with  respect  to  a  and,  in 
particular,  for  a  >  3  the  variation  in  the  value  of  c  is  small.  Therefore, 
it  is  reasonable  to  use  a  simple  perturbation  technique,  with  £  as  the 
perturbation  parameter,  to  solve  equation  8-6. 


This  correction  of  the  linear  solution,  to  provide  for  the  finite  ex¬ 
pansion  in  tube  diameter,  is  the  simplest  correction  to  be  made.  Moreover, 
we  obtain  a  better  perspective  for  the  more  important  correction  for  the 
inertia  terms.  Although,  at  first  sight,  the  correction  due  to  £  may  appear 
less  important  in  principle  than  the  inertia-term  correction,  it  may  well  be 
equally  important  in  magnitude,  for  it  may  cope  with  fairly  large  arterial 
distentions,  such  as  occur  near  the  heart,  without  the  mathematical  difficulties 
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that  arise  in  the  analysis  of  finite  strain.  Actually,  since  both  corrections 
aie  concerned  with  terms  of  the  order  w/c,  they  are  equally  important.  In 
fact,  it  can  be  shown  that  for  moderate  values  of  a  they  are  of  the  same  order 
of  magnitude. 

We  seek  a  solution  of  equation  8-6  when  the  pressure  gradient  is  repre¬ 
sented  by  a  Fourier  series  of  four  harmonics,  together  with  a  constant  term 
which  will  be  assumed  to  give  a  Poiseuille  flow,  the  static  expansion  of  the 
tube  (which  would  give  a  tapering  effect)  being  neglected.  This  is  justified, 
since  this  constant  term  is  small,  being  less  than  one-eighth  of  the  largest 
oscillatory  terms.  The  detailed  solution  will  be  developed  for  two  harmonics 
only,  since  this  illustrates  the  method  adequately  without  wearisome  repeti¬ 
tion.  Since  equation  8-6  is  nonlinear,  we  may  no  longer  write  the  pressure 
gradient  as 


*  Aq  +  Aj  eint  +  A2  e^nl"  +  ...  (8-9) 

and  take  the  real  part,  otherwise  half  the  interaction  terms  will  be  lost. 

It  is  necessary  to  start  from  the  pressure  gradient  in  real  form  and  write 
down  its  exact  complex  equivalent.  Accordingly,  we  assume  that 

=  Mq  +  Mj  cos  (nt  +  <}>})  +  M2  cos  (2nt  +  4*2)  (8-10) 

0  Z 


Next,  we  define  Ao,Aj,A2,...  by 
A0  =  Mfl 

A1  =  \  Ml  e1^1 

A2  =  y  M2  e1*2 

Now, 


M  Coj  (  t  f.  <p, 

)  -  M, 

r 

CcrS  <Pi  "nt  -  ^ 

1  \  1 

1 

1  1 

.  M, 


Ctfl 


cnt  'L«t 


f'  ^  ^  f  ^  j  -  ^  f,  [Q  -  Q 
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M, 

1 


i-nt 


-int 


+  i  ACy\  -  t  Air\  <p,  j 


‘■‘fi  int  -t<p,  -i.'vVt 

Kee  +  H£  £ 


Note  that  e-1^1  and  e*’int  are  complex  conjugates  of  e1^1  and  eint.  If  we 
denote  ~  by  Aj ,  then  e  ^  will  be  denoted  by  Aj*.  Thus, 


Similarly 


Mi  cos  (nt  +  <J>  i )  -  Aj  e*nt  +  A^*  e  *nt 


M2  cos  (2nt  +  (j>2)  =  A2  e^nt  +  A2*  e  ^nt 


Therefore,  we  may  write  equation  8-10  in  the  form 


op 


(8-11) 


Where  we  have  written  A0  for  M0.  Conforming  with  the  representation  for  the 
pressure  gradient,  equation  8-11,  we  assume  that  the  fluid  velocity,  w,  and 
the  displacement,  £,  of  the  tube  have  the  form 


w 


,  int  i_ 

wq  +  wi  e  +  wj 


-int 


+  w2  e 


2  int 


w2’ 


-2int 


(8-12) 


5 


r  ,  r  int  ,  _  *  -int  ,  _ 
Kq  +  ?i  e  +  5i*  e  +  ?2 


2int  ,  _  *  -2int 
e  +  £2*  e 


(8-13) 
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Expanding  the  ratio  w/c  as  if  it  is  a  periodic  function,  we  write 

2g  _  w 

R  =  c 

-  ,  wi  int  ,  wi*  -int  ,  v?2  2  int  W2*  -2int 

*  wn  +  —  e  +  — r  e  +  —  e  +  — r  e 

u  O-i  Cl  x  Co  Co 


(6-33) 

(8-14) 


In  equation  8-14  we  take  w0  *  °»  since  the  zeroth  harmonic  (steady  state 
average  fluid  velocity)  will  not  be  affected  by  the  elasticity  of  the  tube 
wall.  With  wq  ■  0,  we  have  from  equation  8-14: 


I  4- 


ij 

R 


lr>t 


(8-15) 


We  recall 


UT 


kX  1 

!  1  4  T  F»  (X 

v*  <  1 

J 

(6-14) 


and  introduce  the  notation 
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1 


Therefore,  we  may  write  equation  8-15  as 


tint 


-  ini 


ilnt 


-lir»t 


I  + 


* , c,e  .  cj  ,ce 


Co 


tnt  ~'v*X 


xlnrxt  * 


-  lint 


C£  XQ  XQ  +CQ 


(8-16) 


where 


Passing  to  the  limiting  condition  of  very  stiff  constraint,  the 
expression  for  takes  the  form 


(8-18) 


Note  that  in  passing  from  the  elastic  condition  (where  amplitude  and  phase 
is  denoted  by  double  prime)  to  the  limiting  condition  of  <rery  stiff  constraint 
(where  amplitude  and  phase  is  denoted  by  single  prime) , 
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From  the  above  representations  for  the  pressure  gradient  3p/3z  and  the 

IK  2 
R '  3z 


quantity  1  +  ~  ,  we  have  the  following  expression  for  the  product  (1  + 


ly\t  ^  -lr»t  xlnt  ^ 


( -  A  AQ  +  A,£  A£  ♦  A£ 

'  U  /  3z 


,  iv»t  *  -i-vvt  x'uwt  ^ 

♦  A,(ce  .ce  +C2  ,ce 

Co  \  ' 


-JLi/r\L  \ 


i*\t  ^  -tntv  /  tnt  ^  ~Lv'^  ^ 

.t(*,ea,e  jce.ce  .cc  ,c<? 


-  li wt  \  /  ty\t  alrvt 


+  jA.e+A2  )(CaAQAQ*CQ 


Co  \  1 


(8-19) 
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Iv  o£  3 

Now  consider  the  term  —  (1  +  -^)  ,  which  occurs  on  the  left-hand  side  of 

equation  8-3.  First  note  that  from 


t-m 


-tTxt  x.  i-nt 


ilv\t 


ur=ur  +  ur^+u)jl2+4G  +  ur  Q. 


'dt 


W  z  LV\ 


iv»t  *  xLYNt 

Q_,  -  iv*  uJ  Q  +  1  it\  Ul  Q  -  2  iw  UT  Q 


-1  <-v\l 


Thus 


i.'nt 


.  uUQ.  -  *0. 

v\  %  I  -i  t  V  ' 


-tr»t 


I 


li-nt 

+  XU'  (  UT  ^ 


-  1  C>\t 


^<2 


+  ux  (  u r  2,  -  0 

V  '  1  ■ 


-tv\t  I'-'ftt 


•ce  ,c,e  ,ce 


+  ilot1, (or (2  -  ur 


c-nt  ~2CV^  \  /  L^t  -i>X  itv\t  -xlrtt 


.ce  *c£  xc 

i  *■  ^ 


r2 

where  we  have  used  (— )  (in)  =  ia2. 


(8-20) 
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THE  LONGITUDINAL  FLUID  V^CCi-TY 


Combining  equations  8-6,  8-19  and  8-20  and  collecting  corresponding 

powers  of  e*nt,  we  obtain  a  set  of  equations  for  wq,  v\,  wj*,  W2  and  W2*. 

i-tit 

The  terms  independent  of  e  give  t\e  equation 


The  terms  containing  e^:i'nt  result  in  the  equation 
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We  nay  now  obtain  an  approximate  solution  of  equation  8-21,  correct  to 
order  1/co  by  inserting  the  known  forms  for  wj,  wi*,  W2  and  W2*  on  the  right- 
hand  side  of  equation  8-21.  If  this  is  done,  we  can  carry  through  the  inte¬ 
gration  and  express  the  result  in  terms  of  functions  already  known.  The  first 
term,  AoR2 / p ,  on  the  right-hand  side  of  equation  8-21  represents  the  usual 
Poiseuille  solution.  Moreover,  since  equation  8-21  is  a  linear  differential 
equation,  in  the  unknown  wo,  we  may  consider  the  contribution  to  the  solution 
from  each  term  separately.  Deleting  the  Poiseuille  term  from  the  right-hand 
side  of  equation  8-21,  we  write  the  equation  for  the  mth  harmonic  in  the  form 


We  may,  frr  convenience,  introduce  the  notation 

(a  )2  =  ma2 
m 


i.e.,  the  value  of  a  corresponding  to  the  mth  harmonic  is  am  =  (m)1^2a.  We 
note  that  equation  8-22  contains  only  the  mth  harmonic,  n?  =  1,2,3,....  Equa¬ 
tion  8-21  contains  the  first  two  harmonics.  For  equation  8-21  to  contain  all 
the  harmonics,  we  write  it  in  the  form 
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Referring  to  the  expression  for  w,  equation  6-2,  we  write  down  the  representa¬ 
tions  for  w  and  w  *  as 
m  m 


u 

t yj  (ri\ 


,,1 


(8-23) 


.  -  ,  +  *0 
‘/M  I  * 


(8-24) 


Inserting  these  values  of  w^  and  w^*  into  the  right-hand  side  of  equation 
8-22,  we  obtain 


A  urQ  j_  Jur0 


£  £Cj  ikij) 


J.  K1*) 


J° (*-1  jj 

v  ~  j. 


(8-25) 


A  R2  A  *  R2 

Note  that  the  constant  terms  - — - — *— •  and  - x—  cancel  out  upon  in- 

iy (mcr)  -iy(ma2) 

sertion  in  equation  8-22. 
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It  is  known  that  the  differential  equati jn 


has  the  solution 


6-  +  i^+l*w-0 

dy-*  y  dy 


w  =  w(y)  =  Jo(ky) 


If  we  set 


kv  =  (i3/2a  )y 
m  J 


and  its  conjugate 


(ky)*  =  (i  3/2a  )y 
m 


and  note  that  a  complex  function  and  its  conjugate  are  linearly  independent, 
we  may  write  the  solution  of  equation  8-25  together  with  the  boundary  con¬ 
ditions 


0-26) 
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Equation  8-26  may  be  written  as 


(8-27) 

To  obtain  the  average  fluid  velocity,  we  integrate  equation  8-27  and 
then  put  it  in  modulus  and  phase  form.  We  obtain  the  contribution  of  the 
two  terms  in  equation  8-27  to  the  average  velocity 


(8-28) 


(8-29) 

Now  we  insert  the  expression  for  <J  and  its  conjugate,  C*,  from  equa¬ 
tion  8-17  into  equation  8-29,  simplify  and  obtain  for  the  rigSt-hand  side 


(8-30) 


For  aie  limiting  condition  of  very  stiff  constraint,  expression  8-30  reduces 
to  the  form 
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CORRECTIONS  FOR  THE  INTERACTIONS  BETWEEN  HARMONIC  COMPONENTS 


It  is  possible  to  prepare  a  table  of  standard  correction  functions  by 
calcu?  nting  the  factor 


from  equation  8-31  for  the  full  range  of  values  of  a.  We  denote  this  factor 
by  E(m,-m) 


(8-32) 


E(m,-m)  represents  the  standard  correction  function  for  finite  expansion 
of  the  tube,  expressing  the  effect  of  the  mfch  harmonic  on  the  steady  flow. 
Accordingly,  for  any  given  pulse  form  the  correction  to  the  steady  term  is 
obtained  from  equation  8-31  by  summing  over  all  the  harmonics.  Not?  that 
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Therefore,  the  correction  to  the  steady  term  is 


(8-33) 


This  correction  will  be  in  the  same  direction  as  the  steady  stream. 

We  now  turn  to  the  construction  of  the  corresponding  standard  correction 
functions  denoted  as  follows. 

E(£,m):  standard  correction  function  for  finite  expansion  of  the  tube, 
expressing  the  effect  on  the  average  velocity  of  the  (£+m)th 
harmonic  of  interaction  between  the  £th  and  mth  harmonics. 

We  recall  the  equation  for  the  mth  harmonic 


We  may  write  the  left-hand  side  of  equation  8-22  as 


d2w  1  dw 
dy2  y  dy 


The  equation  describing  the  correction  for  the  cross-effects  between  the 
fth  and  mth  harmonics  is 
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or 


TT  +  - 12-  -  i(*  +  m)a2w  =  —  (A  C.  +  A.C  )  +  —  (mC.w  +  XC  w0) 
dyZ  y  dy  c0y  m  l  £  m'  c0  £  m  m  £' 


Inserting  the  values  of  and  w^,  given  by 


C  8-34) 


uT 


into  equation  8-34,  we  obtain 


d  j__  <^uj~  t  ( +  w]  ^  uJ"  - 

•<r  '1  ^ 
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or 


(8-35) 

Now  we  write  down  a  well-known  result.  The  solution  of  the  differential 
equation 


d2w 


dw 


dy2  y  dy 


k2w 


AJo(fty) 
Jo  OO 


which  satisfies  the  boundary  conditions 


w  =  0  at  y  =  1 
w  <  oo  at  y  =  0 


is  given  by 


J.  ( 

J.l«) 


J.(0 


(8-36) 


This  solution  is  valid  for  k  ^  l. 


In  the  above,  when  we  impose  the  condition  that  all  the  correction  terms 
vanish  at  the  tube  wall,  y  =  1,  we  are  in  effect  making  a  further  approxima¬ 
tion,  Physically,  it  enforces  the  condition  that  the  motion  of  the  wall  is 
due  to  the  main  .eras  only  and  the  correction  terms  have  no  effect.  Since 
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the  correction  terms  are  small,  this  approximation  may  be  adequate.  For  com¬ 
plete  consistency,  the  arbitrary  constants  in  the  expressions  for  average 
velocity  which  are  substituted  in  the  equation  should  be  left  "floating"  and 
the  fully  corrected  solution  substituted  back  in  the  equations  of  motion  of 
the  tube.  The  frequency  equation  would  then  be  nonlinear  and  the  pulse 
velocity  would  depend  on  the  particular  form  of  the  pressure  function.  The 
same  situation  will  arise  if  a  similar  method  is  used  to  calculate  the  inertia 
term  correction. 

The  solution  of  equation  8-35  according  to  equation  8-36  may  be  written 
as 


1  - 


Yr\  +■ 


(8-37) 
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The  corresponding  average  velocity  (corresponding  to  equation  8-37)  is 
obtained  according  to 


I 


+  the  preceding  expression  with  SL  and  m  interchanged. 
If  we  use  the  notation 


then  in  amplitude  and  phase  form,  we  may  write  equation  8-38  as 


+  preceding  expression  with  £  and  m  interchanged,  i.e., 


(8-39) 


This  is  the  correction  factor  for  w  being  the  effect  of  the  and  nr'1 
harmonics  on  the  (£+m)th  narmonic. 

We  will  write  this  correction  factor  in  more  compact  form  by  introducing 
the  following  notation. 


238 


NlK^  -  K^fi 


F(m-0  -  (4)(  K'1^)  H„ 


<^A 


‘l*-.0(°L+U  '  x<0 

Ml  K.,)e  -  H.^ 


M'(-l)fM*l-l)FW> 


(8-40) 


(8-41) 
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'/ 

IO 


After  some  simplification,  the  right-hand  side  of  equation  8-39  may  be  written 
in  the  form 
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We  will  now  consider  the  actual  (real)  fora  of  the  (l+a)*^  harmonic.  If 
the  pressure  gradient  is  in  real  form,  then  the  real  form  for  the  average 

longitudinal  fluid  velocity  corresponding  to  the  (i+m)^  harmonic  is  obtained 
by  writing  the  sum  of  the  complex  velocity  and  its  conjugate  as  follows: 


+ 


We  note  that  in  equation  8-39  the  factor  R2/ya2  may  be  written  as 

il  =  £_  j_ 

a  d.'-  yUn  P'1 


Moreover,  the  factors  A  and  A  appearing  in  equation  8-39,  according  to 

in  Xj 

earlier  defined  notation,  may  be  written  as 


A 

m 


\  M  e1*® 
l  m 


A 


l 


H 


e'1^ 


since  Affl  and  A^  are  complex  quantities. 

Thus,  when  considering  only  the  real  parts  for  the  correction  to  the 
real  quantity 


uj  Q 
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corresponding  to  the  earlier  correction 


we  have  the  correction  term 


Note  that 


& 


V*\ 


k 


i 


(8-42) 


In  order  to  evaluate  the  correction  corresponding  to  the  (l+m)th  harmonic,  it 
is  convenient  to  have  a  table  of  E(£,m)  in  modulus  and  phase  form. 

In  the  elastic  case,  the  formula  for  E(Jt,m)  is 


E(£,m)  =  (-nm)[F(a,m)]  +  (-r^)  [F (m,  {.)  ]  (8-41) 
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For  the  limiting  condition  of  very  stiff  constraint,  since 

n  =  -1 


■  -1  • 

the  above  formula  for  E(2,,m)  reduces  to  the  form 

EU,m)  =  F(«,,m)  +  F(m,JD 
In  the  elastic  case,  the  formula  for  F(£,m)  is 


'1*0 


M,  Kje  -  M>.)S 


(8-40) 


For  the  limiting  condition  of  very  stiff  constraint,  since 


the  above  formula  for  F(£,m)  for  the  elastic  case  becomes 
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(8-43) 

The  formula  for  F(£,-m)  can  be  written  down  at  once  by  substituting  -m  for 
m  in  equation  8-43.  Thus 


(8-44) 

The  above  formulas  for  the  corrections  do  not  apply  when  either  £  =  0 

or  m  =  0.  This  can  be  seen  from  equa  ion  8-37.  In  equation  8-37,  note  that 

when  £  =  0,  the  factor  77-  — r — r  in  the  denominator  of  the  first  term  will 

[  (£-hn)-mj  1 

be  zero.  Similarly,  when  m  =  0,  the  factor  '[~(m+£)- P~T  t*ie  denominator  of 
the  second  term  is  zero. 
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The  equation  describing  the  effect  on  the  m^ 
action  has  the  form 


harmonic  of  its  own  inter- 


fur  ,  +  ItnotviT  s  _  1L.  k0C 

if  + 1  ^ 


(8-45) 


Since  the  right-hand  side  is  a  constant,  in  analogy  with  the  solution  of 
equation  2-11  we  write  the  solution  of  equation  8-45  as 


Proceeding  in  the  same  manner  as  we  did  for  obtaining  the  correction 
term  (8-42)  for  the  solution  of  equation  8-35,  we  obtain  the  correction  for 
the  solution  of  equation  8-45  in  the  form 


cos  (mnt  +  4>m  +  phase  [E(ir,0)]} 


(8-45') 


where 


L  ft 


EK°)- 


(8-46) 

The  rij^ht  side  of  equation  8-46  is  obtained  in  the  same  manner  as  E(£,m)  was 
obtained  for  the  solution  of  equation  8-35. 
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For  the  limiting  condition  of  very  stiff  constraint,  the  expression 
for  E(m,0)  reduces  to  the  form 


(8-47) 


APPLICATION  TO  ARTERIAL  FLOW 

We  now  consider  the  practical  application  of  these  formulas.  In  the 
application  to  arterial  flow,  four  harmonics  in  the  pressure  gradient  are 
usually  sufficient.  Taking  account  of  four  harmonics,  from  equation  8-23  we 
write  the  correction  to  the  steady  term  of  the  axial  velocity  as 


Since  the  steady  term  is 
as 


ApR2 

y 


,  we  write  the  corrected  average  fluid  velocity 


24t> 


(8-48) 


If  we  denote  the  pressure  gradient  in  real  form  by  Mj  cos  (nt  -  ^i)  then 
the  first  harmonic  of  the  average  velocity  corresponding  to  this  pressure 
gradient  is,  according  to  equation  6-15 


UJ 


or 


MX  M "  (?) 

U  dv 


M,  M "  (A 

r>  fo 


The  correction  to  this  first  harmonic  of  the  average  velocity,  wj ,  is, 
according  to  equation  8-45' ,  given  by 


Similarly,  the  second  harmonic  of  the  average  fluid  velocity  correspond¬ 
ing  to  a  pressure  gradient  in  the  form  M2  cos  (2nt  -  <$>2)  is  given  by 


U*.  -  Mo  j  xr>t  -  ^  +  Lfj  1 

ir>  fo  J 


and  the  correction  to  this  second  harmonic,  w2,  is 
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The  third  harmonic  of  the  average  fluid  velocity  corresponding  to  a 
pressure  gradient  in  the  form  M3  cos  (3nt  —  3)  is  given  by 


M*.  ^  js-nt  -  ♦ 

y>r>  fc 


and  the  correct! *n  t^  this  is 
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The  fourth  harmonic  of  the  average  fluid  velocity  corresponding  to  a 
pressure  gradient  in  the  form  M4  cos  (4nt  -  <{14)  is  given  by 


K  *  f° 


n  / 

MiQ  ^  ^ 


and  the  correction  to  this  is 


2  50 


As  an  example  of  the  magnitude  of  a  typical  set  of  corrections,  a  com¬ 
plete  calculation  has  been  done  for  one  of  McDonald's  experiments  (Womersley, 
1954)  on  the  femoral  artery  of  the  dog.  Fourier  analysis  of  the  pressure 
gradient  record  gave 


-  =  0.159  +  0.774  cos  (nt  +  0°  39') 

oZ 

+  1.317  cos  (2nt  -  22°  45')  -  0.743  cos  (3nt  +  26°  30') 
-  0.414  cos  (4nt  -  16°  39') 


These  coefficients  are  in  millimeters  of  mercury  per  centimeter.  The  con¬ 
version  constant,  to  bring  them  to  absolute  units,  was  included  in  the  common 
factor  1/npo.  It  is  not  possible  to  make  an  accurate  estimate  of  co  until 
accurate  measurements  of  the  pulse  velocity  have  been  made  over  short  lengths 
of  artery,  say  3  or  4  cm,  over  which  the  diameter  is  reasonably  constant.  A 
rough  estimate  of  the  experimental  observations  gave  a  maximum  £/R  of  about  6%. 


Since 


21 


wj 

co 

co 


X  -  iY |  and  the  maximum  average  velocity  was  88  cm/sec,  this 


suggests  600  <  eg  <  700  cm/sec.  The  pulse  velocity,  estimated  from  records 
taken  on  other  experiments,  suggested  a  value  of  eg  of  about  850  cm/sec.  Two 
sets  of  corrections  have,  therefore,  been  calculated  for  co  =  1000  cm/sec  and 
for  eg  =  500  cm/sec.  These  have  been  carried  out  for  the  limiting  condition 
of  stiff  constraint  only.  According  to  figure  53,  the  effect  of  the  cor¬ 
rection  is  not  very  marked,  even  for  co  =  500  cm/sec.  The  curve  for  eg  =  1000 
is  not  shown.  In  table  VII  the  Fourier  coefficients  are  shown  for  the  uncor¬ 
rected  average  velocity  and  the  two  sets  of  corrections. 


TABLE  VII 

Values  of  the  Fourier  Coefficients  for  the  Calculation  of  the  Average  Velocity, 
With  and  Without  the  Nonlinear  Correction  for  Finite  Expansion 


Uncorrected 


Corrected 
c.0  =  1000 


Corrected 
eg  =  500 


m 

Coeff.  of 
cos  mnt 

Coeff.  of 
sin  mnt 

Coeff.  of 

cos  mnt 

Coeff.  of 
sin  mnt 

Coeff.  of 
cos  mnt 

Coeff.  o: 
sin  mnt 

1 

+19.08 

+33.14 

20.01 

32.44 

20.94 

31.75 

2 

-31.78 

+14.89 

-32.57 

15.57 

-33.37 

16.25 

3 

-8.79 

-10.58 

-8.47 

-10.69 

-8.16 

-10.79 

4 

-0.44 

-5.86 

-0.15 

-5.73 

0.14 

-5.47 
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These  results  Indicate  that,  particularly  during  systolic  flow,  the  main 
effect  of  the  finite  expansion  of  the  tube  on  the  rate  of  flew  is  the  factor 

(1  +  when  multiplying  the  average  velocity  by  the  cross-sectional  area. 

K 

See  equation  8-2. 


0° 
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(DEGREES) 


Figure  53.  Variation  in  average  velocity  over  one  cycle  in  the  femoral 
arterY  dog,  calculated  from  the  observed  pressure  gradient  of 

figure  14.  FULL  LINE,  without  expansion  correction;  BROKEN  LINE,  with 
expansion  correction  and  cq  =  500  cm/sec. 
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SECTION  IX 

CORRECTIONS  FOR  THE  QUADRATIC  TERMS  IN 
THE  EQUATIONS  OF  VISCOUS  FLUID  MOTION 


INTRODUCTION 

We  start  with  the  Stokes  stream  function  and  obtain  a  general  result 
which  is  used  for  the  solution  of  the  equations  of  fluid  motion.  As  in  the 
preceding  section,  we  combine  the  harmonic  representations  of  the  pressure 
gradient  and  the  longitudinal  and  radial  fluid  velocities  with  the  equation 
describing  the  fluid  motion  and  obtain  the  harmonic  components  of  the  longi¬ 
tudinal  fluid  velocity.  We  next  determine  the  interactions  between  these 
harmonic  components  and  obtain  the  standard  correction  function  for  the  effect 
of  the  quadratic  terms  in  the  equations  of  motion. 


A  GENERAL  RESULT 

The  correction  for  the  longitudinal  velocity  due  to  the  quadratic  terms 
in  the  Navier-Stokes  equations  follows  the  same  pattern  as  the  correction  for 
the  longitudinal  velocity  due  to  finite  expansion  of  the  tube  discussed  in 
section  VIII.  However,  there  is  one  important  difference  which  is  indicated 
below. 

rjnsider  the  equation  for  the  longitudinal  velocity 


clui  u  +  u/^W  -  -J_  ^  V  V  ^UT 

d-v  dz  fa  Ti  *  r  dr 


If  we  neglect  the  term  3^w/3z  ,  since  it  is  of  order  n^R^/c^, 
y  =  r/R,  we  obtain 

32w  _1  3w_  R^_  3w  _  R.£  3n  R  3w  R^_  t  3w 

3y2  y  3y  v  3t  y  3z  v  U  3y  v  ^  3z 

If  we  substitute  the  same  forms  for  p  and  w  (as  in  section  VIII)  into  equa¬ 
tion  9-1,  and  seek  a  solution,  we  find  that  the  functions  on  the  right-hand 
side  of  the  resulting  equations  are  (since  they  contain  quadratic  terms  in 
the  velocity  components)  products  of  three  Bessel  functions.  When  we  try  to 
solve  these  by  the  method  of  variation  of  parameters,  the  resulting  quadra¬ 
tures  involve  products  of  three  Bessel  functions  which  do  not  reduce  to  known 
forms.  To  find  the  average  velocity  across  the  tube  requires  a  further  quadra¬ 
ture  and  the  amount  of  numerical  integration  required  is,  at  first  sight, 

4uite  formidable. 


(3-11) 

and  write 

(9-1) 
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Our  main  objective  is  to  find  the  effect  of  the  quadratic  term.,  u 

and  w  ~  ,  appearing  in  equation  9-1,  on  the  average  longitudinal  velocity. 

Thus,  there  is  an  obvious  advantage  in  seeking  a  method  of  solution  of  equa¬ 
tion  9-1  which  will  give  the  average  longitudinal  velocity  directly  without 
the  calculation  of  the  velocity  profile,  w  =  w(y) ,  across  the  tube.  This 
direct  method  of  calculating  the  longitudinal  velocity  consists  in  using  the 
quantity  defined  by 


q  =  Pw(2y)dy  (9-7.) 

J0 

which  is  in  effect  Stokes'  stream  function  of  the  fluid  motion. 

Before  deriving  th  >.  detailed  equations  from  equetion  9-1,  we  prove  a 
general  result  which  will  be  required  for  their  solution.  In  analogy  with 
equation  2-4,  consider  the  equation 

+  i  £  +  i  Vw  =  f(y)  (9-3) 

dy?  y  dy 


where  f(y)  is  a  known  function  of  y.  The  corresponding  equation  for  q  is 


0  -  i3a2(i  =  e(y) 


(9-4) 


where 


g(y)  = 


ry 


f (y) (2y) dy  . 


To  show  this  correspondence,  multiply  equation  9-3  through  by  2y  and  integrate 
with  respect  to  y.  We  obtain 


7 

0 


dy  + 


dw 

dy 


dy  + 


i3a2w(2y) dy  =  g(y) 

0 


(9-5) 


According  to  equation  9-2,  the  third  term  on  the  left-hand  side  of  equation 
9-5  may  be  written  as  (i3a2)q. 


fy 

Moreover,  from  q  =  w(2y)dy 

0 


we  have 


and 


d£ 

dy 


w(2y) 


dy? 


2y 


dw  „ 

~r~  +  2w  . 
dy 
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Furthermore,  —  =  2w 

y  dy 

Thus,  the  first  two  terms  on  the  left  side  of  equation  9-4  may  be  written  as 


d2q  1  dq 
dy2  y  dy 


2,  £  +  2»  - 

dy 


2w  *  2y 


dw 

dy 


According  to  integration  by  parts, 


iiT  (WHl 


(9-6) 


(9-7) 


From  equations  9-6  and  9-7  we  note  that 


£sl  _  I 

dy2  y  dy 


^  d2w 
dy2 

0 


(2y)dy  + 


dw 

dy 


dy  =  2y 


dw 

dy 


We  wish  to  obtain  a  solution  of  equation  9-4.  One  boundary  condition, 
namely,  q=0  at  y=0 ,  is  built  into  the  definition  of  q: 


q  = 


r  y 

w(2y)dy 


0 


So  the  solution  of  equation  9-4  will  be  obtained  in  terms  of  one  arbitrary 
constant,  A. 


2b6 


The  solution  of  equation  9-4  under  the  condition  q=0  at  y=0  is 


(9-8) 


Imposing  the  condition  of  no  slip  at  the  tube  wall,  w  =  0  at  y  =  1,  the 
rjndition  for  determining  the  value  of  A  in  equation  9-8  becomes 


at  y  =  1 


(9-9) 


This  follows  from  differentiating  equation  9-2  with  respect  to  y  and  setting 
w  =  0.  Differentiating  the  expression  for  q(y)  in  equation  9-8  and  inserting 
y  =  1,  we  find 


(9-10) 
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Solving  for  A,  we  have 


a 


We  may  write  the  expression  for  A  in  the  form 

A  =  -  P  Xdy  jy  Ydy  -  |  P  Ydy 
J0  Jo  J0 

Substituting  this  value  of  A  into  equation  9-8  we  obtain: 
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At  the  boundary  of  the  tube  where  y  = 


£  =  1,  equation  9-11  reduces  to 


(9-12) 

Equation  9-12  can  be  put  into  a  more  convenient  form  by  using  integration  by 
parts  according  to 

/  u  dv  =  uv  -  /  v  du 

g(y) 

d[g(y) ] 

"fy 

■I  '(y)(2y)dy 
J  0 


=  f(y)(2y) 


y=l 

f  1 

and 

g(y) 

= 

f(y) (2y)dy 

y=0 

0 

Moreover , 

dv  = 

J i  (ai 3/2y) 

v  = 

{J i (ai3^2y) dy 

=  “  ^IT/I  Jo(“i3/2y) 


where  u  = 

du  = 
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Thus,  from  equation  9-12  we  have, 


upon  integration  by  parts 
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THE  HARMONIC  COMPONENTS  OF  THE  LONGITUDINAL  FLUID  VELOCITY 

In  equation  9-1  for  the  longitudinal  fluid  velocity,  we  use  the  follow¬ 
ing  harmonic  representations  for  3p/uz,  w  and  u: 


Lv> 

P) 

3I> 

7>z 

..  k  ♦ 
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+  ^,e 

i  ' 

+  *  *  • 

- 

z/c4 

-  1  TVNT)  ^  t 

-  vc) 

k  a 

yr\ 

- » 

i«(t  - 

Vc.) 
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ur  . 

,  ur  , 
0 

h  ur  Q 

) 

+  -;e 

+  ' 

tmrvn  ^  t 

-  VcJ) 

-lirv\m 

.(t-VP) 

uT  *  (9 

h  m  'C. 

262 
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In  the  above  representation,  uq  =  0,  i.e.,  the  radial  velocity  component  has 
no  steady  component  and  is  entirely  periodic.  wq  is  the  steady  component  of 
the  longitudinal  fluid  velocity,  w^,  w^*,  ...  are  functions  of  y  and  not  of 
z  and  t.  cm  is  the  complex  wave  velocity  of  the  m1^  harmonic.  We  also  note 
that  the  steady  component  of  the  flow  just  increases  or  decreases  the  amplitude 
of  the  flow  and  does  not  affect  the  frequency. 

After  substitution  into  equation  9-1  and  collecting  powers  of  e^nt,  we 
obtain  the  equations  for  the  amplitudes  of  the  harmonic  components  of  the 
longitudinal  fluid  velocity,  w.  The  details  are  as  follows: 


(t-Vc,)  -LHt  -  Vc,‘) 


u;  -  ui 


+  ^  G  +  uT  Q, 


^n(t-VcJ  Lvnr^(t 

+  U  G,  +  UJT  Q 

r  m  +  rv\ 


-  l/c) 


L  -  L 

a  n  i 


4- 


‘•(.t-Vc,)  %») 

+  M  Q.  +... 
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Collecting  corresponding  powers  of  e 


int 


,  we  obtain  the  equation  for  wq: 


d^o  .  1  4^2  -  ~  +  Co..  U  Co_.U 

7TX  ^  yU  Ce  V  R  *  1  Cc  y  R 

.  i..  R.  c.  U  dwx  .  jl  Rl.  .  Co.  u 
Co  r  ’  R  1  c0  r  R  1  3^ 


V 


c.  >■  H 


X . E. .  U‘  ch£m 
C.  V  R 


«  *  f 


c.u„  ju-C  c.iC  Jurn 

n  t  ^ . 


Similarly, 

,  the  equation 

for  w 

is : 
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(9-14) 


(9-15) 
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Similarly  for  the  other  harmonics. 

As  with  the  radial  expansion  correction  (see  section  VIII) ,  if  we  sub¬ 
stitute  the  known  forms  for  u^  and  wm  on  the  right-hand  sides  of  equations 

9-14,  9-15  and  other  such  equations  for  the  second,  third,  etc.  harmonics, 
they  become  linear  equations  and  accordingly,  the  effects  of  the  interactions 
between  the  harmonics  can  be  treated  separately.  In  the  next  section,  we 
shall  write  down  the  equations  describing  these  individual  interactions 
between  the  harmonics. 


There  are  four  different  forms  of  interactions  to  be  considered.  These 

are: 


1. 


2. 


The  effect  of  the  mC^ 

f.l_ 

The  effect  on  the  in 
flow,  W(m,0). 


harmonic  on  the 
harmonic  of  its 


steady  flow,  denoted  by  W(m,-m). 
own  interaction  with  the  steady 


3.  The  effect  on  the  (k-m)^  harmonic  of  the  interaction  between  the 

tli  tli 

k  and  m  harmonics,  W(k,-m). 

til 

4.  The  effect  on  the  (m-k)  harmonic  of  the  interaction  between  the 

til  til 

m  and  k  harmonics,  W(m,-k). 


Note  that  W(k,-m)  and  W(m,-k)  are  symmetric. 


THE  EFFECT  OF  THE  mth  HARMONIC  ON  THE  STEADY  FLOW 

The  equation  describing  this  form  of  interaction  is  obtained  from  equa¬ 
tion  9-14.  Note  that  we  may  write 
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The  right-hand  side  of  equation  9-14  consists  of  the  sum: 


(Poiseuille  flow 


To  take  into  account  the  effect  of  the  mt  harmonic  only,  we  take  only  the  m 
terms  on  the  right-hand  side  of  equation  9-14.  Thus  the  equation  describing 
this  form  of  interaction  is 


l\\  —  {  4  -  ( L.\  E_  -  CcUy*  1  (9-16) 

WMr  d  Jy)  -  (Cc)  ir  [  R  R  J 


u  u  *  dw  dw  * 

The  form  of  the  quantities  — ,  -g— ,  and 
equation  9-16  are  obtained  as  follows. 


on  the  right-hand  side  of 
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(6-3) 
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Consider  the  first  term  on  the  right-hand  side  of  cruation  9-lb; 
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Consider  the  second  term  on  the  right-hand  side  of  equation  9-16: 
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Thus,  from  equation  9-16  we  have: 
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In  analogy  with  equation  8-23,  we  define  the  standard  correction 
function  as 


It  follows  that 


W(m,-m)  =  - 


■1 

0 


w(.2y)dy 


(9-17) 
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where  w  is  the  solution  of  the  equation 
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(9-18) 


Now,  we  multiply  both  sides  of  equation  9-18  by  y  and  integrate  by  parts  to 
obtain  the  velocity  w.  We  find  that: 
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We  now  proceed  as  follows: 

1)  divide  equation  9-19  through  by  y; 

2)  use  the  recurrence  relation 

J2(ky)  _  2  Ji (ky)  Jo (ky) 

yJ0(k)  ‘  k  J0(k)  "  y  J0(k) 

j )  integrate  to  obtain  the  expression  for  w. 


-19) 
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Dividing  9-19  through  by  y  we  obtain: 


Using  the  recurrence  relation,  we  obtain 
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Integrating  with  respect  to  y,  we  obtain: 


+  conjugate  of  above 
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We  may  write  the  above  equation  as 


+  conjugate  of  these  two  terms 


(9-20) 

In  order  to  obtain  the  average  velocity  across  the  cross  section  of  the 
tube,  we  integrate  the  expression  for  w  in  equation  9-20  with  respect  to  v 
from  y=0  to  y=l  and  obtain: 

i  fl 

W(m,-m)  =  j  w(2y)  dy 

4  Jo 
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From  the  relation 


for  n=l,  we  may  write 


2nJ  (x)  =  xJ  .  (x)  +  J  , ,  (jc) 
n  n-1  n+i 
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In  equation  9-21, 


the  sum  of  the  first  and  thx’d  terms  may  be  written  as 


and  the  conjugate  of  this  result  is 


/ 


The  second  term  in  equation  9-21  may  be  written  as 
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and  the  conjugate  of  this  expression  is 


The  last  term  in  equation  9-21  may  be  written  as 


Thus,  equation  9-21  may  be  written  in  the  form 


/ 
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In  the  limiting  condition  of  very  stiff  constraint,  equation  9-22  reduces 
to  the  form 


(9-23) 


This  correction,  W(m,-^ ,  for  the  quadratic  terms  in  the  Navie f-Stokes  equa¬ 
tion  is  in  the.  same  direction  ^.s  the  steady  stream.  The  combined  effect  of 
this  correction,  W(m,-m),  and  che  correction  due  to  finite  expansion,  E(m,-m) , 
may  be  written  as 


--mj  -  W  ( 


E  (*> 
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The  variation  of  the  correction  T(m,-m)  as  a  function  of  o  is  shown  in 
figure  54.  From  this  figure,  note  that  the  steady  flow  is  augmented  for 
all  values  of  u  less  than  10,  but  that  as  a  increases  further,  the  effect 
of  inertia  is  dominant  and  the  steady  flow  is  hindered  by  the  presence  of 
the  oscillatory  terms.  The  amount  of  this  combined  correction,  T(m,-m), 
for  the  results  of  McDonald's  work  is  given  in  table  VIII,  where  cq  is  taken 
to  be  10  meters/sec.  In  McDonald's  experiment,  the  measured  steady  term  was 
15  cm/sec.  Thus,  this  correction  is  about  12%,  and  by  no  means  negligible. 


TABLE  VIII 

The  Combined  Correction-  T(mf-ni)>  for  wq.  cq  =  10  Meters/Sec 


m 

CM 

To. 

-Is 

T 

Contribution 
to  wo 

1 

2.696 

0.537 

1.448 

2 

0.488 

0.539 

0.263 

3 

0.031 

0.455 

0.014 

4 

0.00003 

— 

— 

Total: 


1.725  cm/sec. 


-0.1 


0123456789  10  a 

Figure  5^.  Variation  of  the  Combined  Correction  Function  to 
Steady  Flow,  T(m,-m),  with  Respect  to  a. 
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THE  EFFECT  ON  THE  mth  HARMONIC  OF  ITS  OWN  INTERACTION  WITH  THE  STEADY  FLOW 

The  equation  describing  the  effect  on  the  m*"*1  harmonic  of  its  own  inter¬ 
action  with  the  steady  flow  may  be  obtained  by  referring  to  equation  9-15 
and  considering  only  the  term.  This  equation  is 

+  L  i  V  UT  r  R_  (  Co  Um  )JuXe  io^( Co  W  vJ 

df  J  <*1  "  R  Jdy  "  -cT\cW  °  ^ 

(9-24) 

In  analogy  with  the  preceding  subsection,  th_  equation  for  the  standard  cor¬ 
rection  function  is 


(9-25) 
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Equation  9-25  is  analogous  to  equation  9-3,  where  f(y)  is  the  right-hand 
side  of  equation  9-25.  Solving  equation  9-25,  we  obtain  the  standard  cor¬ 
rection  function  in  the  form 


i 


(9-26) 

All  the  terms  in  these  two  integrals  can  be  expressed  in  terms  of  J0(cti3/2) 

and  Jj(ai3/2).  The  necessary  reduction  formulae  can  be  found  i.i  Watson: 
"Theory  of  Bessel  Functions,"  Chapter  V.  It  is,  however,  simpler  and  quicker 
to  evaluate  them  by  direct  numerical  integration. 

We  have  seen  earlier  that  when  the  pressure  gradient  is  in  real  form, 
the  radial  expansion  correction  for  the  m^  harmonic  has  the  form 

1  [m  [m 

E(m,0)  =  —  — —  — —  |E(m,0)|  cos  [mnt  +  <p  +  phase  E(m,0)] 

c  ranp  mnp  11  Tm 


Similarly,  for  the  pressure  gradient  in  real  form,  the  expression  for  W(m,0) , 
described  by  equation  9-26,  must  be  combined  with  its  conjugate.  Thus,  in 
analogy  with  the  expression  for  r.(m,0)  above,  the  complete  interaction  term 

for  the  mth  harmonic  is 

2 

W(m,0)  =  —  (-%—  )  (^DL~)  | W(m,0)  |  cos  [mnt  +  <f>  +  phase  W(m,0)] 

cq  t  y  mnp  m 
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THE  EFFECT  ON  THE  (k-m)tb  HARMONIC  OF  THE  INTERACTION  BETWEEN  THE  kth  AND  mth 
HARMONICS 

The  equation  describing  the  effect  on  the  (k-m)tb  harmonic  of  the  inter- 
til  til 

action  between  the  k  and  m  harmonics  may  be  obtained  by  *eference  to 
equation  9-15.  This  equation  is 


dur 

dr 

_  j  d  (  _  /m£o  \  UJ  ux 

(9-27) 
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In  analogy  with  the  preceding  subsection,  the  equation  for  the  standard  cor¬ 
rection  function  is 
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(9-28) 


Again,  the  standard  correction  function,  W(k,-m),  is  obtained,  as  earlier. 
In  the  form 


where  f(y)  is  given  by  the  right-hand  side  of  equation  9-28.  Thus 


i 
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In  the  first,  second  and  third  integrals  above,  we  note  that 
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Finally,  we  note  that  tor  the  limiting  condition  of  very  stiff  constraint, 
the  expression  fir  the  correction,  W(t',-m),  has  the  form 


291 


292 


When  the  W(k,m)  are  known,  the  expressions  for  the  corrected  components 
of  the  average  velocity  can  be  written  down,  being  similar  in  form  to  equa¬ 
tions  8-34  -  8-37,  with  the  W(k,m)  taking  the  place  of  the  E(k,m).  The 
coefficients  multiplying  the  W(k,m)  in  these  expressions  will  be  the  same  as 
these  multiplying  the  E(k,m)  in  equations  8-34  -  8-37,  except  for  the  W(m,0) 
which  will  be  as  shown  in  equation  9-25.  Except  for  the  interaction  with  the 
steady  flow,  therefore,  the  E(k,m)  and  the  W(k,m)  can  be  combined  into  a 
single  standard  correction  function,  T(k,m).  For  convenience,  tables  of 
T(k,m)  over  a  full  range  of  values  of  a  up  to  the  fourth  harmonic  may  be 
prepared. 

In  order  to  make  an  estimate  of  the  magnitude  of  the  correction  for  the 
same  experimental  results  as  in  section  VIII,  the  values  of  the  W(k,m)  for 
a  =  3.34,  k  and  m  ^  4,  were  calculated  by  numerical  quadrature.  The  trape¬ 
zoidal  rule  was  used  for  integration,  one  hundrpd  ordinates  being  taken  in 
the  range  0  £  y  £  1.  The  values  of  the  W(k,m)  are  given  in  table  IX. 


TABLE  IX 

Values  of  W(k,m)  for  a  =  3.34 


k,  m 

WRE 

W. 

lm 

M 

ph(W) 

1,  0 

0.6745 

-0.4100 

0.7893 

-31.29° 

2,  0 

0.4986 

-0.6424 

0.8132 

-52.13° 

3,  0 

0.3961 

-0.7106 

0.8135 

-60.86° 

4,  0 

0.3369 

-0.7423 

0.8152 

-65.59° 

1,  1 

0.0966 

0.3030 

0.3180 

72.32° 

2,  1 

0.3130 

0.64^ 

0.7172 

64.12° 

3,  1 

0.3110 

0.6575 

0.7273 

64.69° 

2,  -1 

0.2495 

0.9197 

0.Q529 

74.82° 

3,  -1 

0.2782 

0.4694 

0.5371 

58.80° 

4,  -1 

0.2870 

0.2381 

0.3729 

39.68° 

3,  "2 

0.1450 

1.4288 

1.4361 

O 

O 

CSI 

St 

00 

4,  -2 

0.3032 

0.9189 

0.9676 

71.74° 

4,  -3 

0.0261 

1.7606 

1.7608 

90.85° 

2,  2 

0.2392 

0.2256 

0.3288 

43.32° 

These  values  of  the  W(k,m)  were  substituted  in  the  expressions  for  the 
velocity  components  (i.e. ,  those  corresponding  to  equations  8-34  through 
8-37  above),  together  with  the  components  of  McDonald’s  observed  pressure 
gradient.  The  resulting  values  of  the  coefficients  in  che  Fourier  series 
for  the  average  velocity  are  given  in  tab]  .  X,  together  with  the  values 
of  the  coefficients  when  this  correction  and  chat  for  finite  expansion 
are  combined. 


TABLE  X 

Values  of  the  Fourier  Coefficients  for  the  Calculation  of  the 
Average  Velocity,  with  and  without  the  Inertia  Term  Correction, 
and  with  the  Combined  Correction 


Harmonic 

Quadratic  Term 
Correction  Only. 
Coefficient  of 

Combined  Correction 
Coefficient  of 

cos  mnt 

sin  mnt 

cos  mnt 

sin  rant 

1 

22.51 

33.94 

24.37 

32.55 

2 

-31.56 

13.92 

-33.15 

15.28 

3 

-7.35 

-10.15 

-6.72 

-10.36 

4 

-0.94 

-5.34 

-0.36 

-o..95 

The  average  velocity,  with  the  . ombined  correction,  is  shown  in  figure  55. 
The  full  line  shows  che  uncorrected  average  velocity,  and  the  discrete  points 
are  the  values  of  the  corrected  average  velocity,  plotted  at  intervals  of  15°. 
The  correction  increases  the  predicted  value  of  the  -ystolic  peak  by  about  5%, 
and,  moreover,  predicts  greater  backflow.  The  differences  between  the  cor¬ 
rected  and  unco  rected  values  are  small,  never  exceeding  7  cm/sec.  Thus, 
since  these  corrections  are  exaggerated,  the  value  of  cq  (=  500  cm/sec)  taken 
being  about  two-thirds  of  its  real  value,  these  nonlinear  corrections  would 
seem  to  be  an  unnecessary  refinement. 
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Figure  55.  Variation  in  average  velocity  over  one  cycle  in  the 
femoral  artery  of  the  dog,  calculated  from  the  observed  pressure 
gradient  of  figure  14. 

Full  line:  Without  nonlinear  corrections. 

Isolated  points:  With  combined  correction  for  cq  =  500  cm/sac. 
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SECTION  X 


THE  "EXACT"  SOLUTION  FOR  OSCILLATORY  MOTION 
IN  THE  PRESENCE  OF  A  STEADY  STREAM 


INTRODUCTION 

In  the  major  arteries,  the  oscillatory  components  of  the  fluid  velocity 
are  at  least  as  large  as  and  very  often  considerably  larger  than  the  steady 
stream  components.  A  solution  for  the  fluid  velocity,  taking  into  account  the 
interaction  of  these  two  factors  and  called  tne  interaction  velocity,  will  be 
obtained  in  terms  of  a  confluent  hypergeometrr.c  function  neglecting  :he  genera¬ 
tion  of  higher  harmonics.  It  is  assumed  that  the  higher  harmonics  can  be  ac¬ 
counted  for  by  perturbation  theory.  Next,  under  the  assumption  that  the 
velocity  of  the  steady  stream  is  small  as  compared  with  the  pressure-wave 
velocity,  an  approximation  to  the  above  solution  is  obtained  in  terms  of 
Bessel  functions. 


THE  INTERACTION  VELOCITY  WHEN  THE  STEADY  STREAM  VELOCITY  IS  SMALL  COMPARED 
WITH  THE  WAVE  VELOCITY 


We  will  assume  that  the  pressure  gradient,  the  longitudinal  and  radial 
components  of  the  fluid  velocity,  may  be  represented  respectively  as  follows: 


-  |f  -  A0  +  A,  eln(t  '  2/c) 


(10-1) 


w  =  wq  +  wj  e 


in(t  -  z/c) 


u  =  uq  u\  e 


in(t  -  z/r) 


(10-2) 
( 10—3) 


Here,  Aq ,  wo  and  uo  are  the  values  of  the  steady  components  of  the  pressure 
gradient,  w  and  u  respectively.  Aj,  w\  and  uj  are  the  amplitudes  of  the 
oscillatory  components  of  the  pressure  gradient,  w  and  u  respectively. 

From  the  equation  of  continuity  in  the  form 


we  note  that 


1  _d_ 
y  dy 


(U1 


y)  =  (— )  wi 


jL 

dy 


(ui 


)  wlY 


(3-41) 
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and  on  integration 


inR  P  /o  \  j 
“iy  »  -jj£  J0  wi(2y)  dy 


4nRN 

- 

where  q*  is  the  stream  function  as  defined  in  section  IX. 

From  the  earlier  expression  for  the  longitudinal  component  of  the  fluid 
velocity 


vs  .  uj-  ,  t'j  ^  ^ 

k)-*' 


(2-23) 


we  obtain  an  expression  for  the  steady  component,  wg , 


w0  =  w0  (y)  =  ~~  (1  -  y2) 


(10-4) 


where  we  have  used  Ag  as  the  value  of  M  for  n  =  0  and  <j>  =  0.  At  the  center 
of  the  tube,  y  *=  r/R  =  0  and  the  value  of  wg  is 


Since  the  average  value  of  the  steady  component  w <•  =  (wg/2) 
may  write  equation  10-4  in  the  form 


=  (A0R2/8y),  we 


wg  =  2  (■——■)  (1  -  y2)  =  2wg  (1  -  y2) 


(10-5) 


Differentiating  equation  10-5  with  respect  to  y,  we  obtain  the  variation  of 
the  steady  component  of  the  longitudinal  fluid  velocity  with  respect  to  the 
radius  of  the  tube 


Finally,  we  shall  take 


u0  =  0 
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Substituting  the  values 


U  -  Uo  +  ai  Q  (10-3) 

(10-5) 


duj0  _  K.  UJ 

1 -  =  T  c 


U  =.  o 


into  the  equation  for  the  longitudinal  fluid  velocity 


__  Tl  ^UT  _  ^  I'll  \  uJV^£ 

f  ^  jr  /(  <>i  +\j/l  +Vw 

(9-1) 
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we  obtain,  after  some  computations,  the  equation 


(10-6) 

Now,  we  set  b2  =  (2wq/c),  and  note  that  the  third  term  on  the  right-hand  side 
may  be  written  as 


The  secord  term  on  the  right-hand  side  has'  the  form 


Since  wj  =  wj(y),  we  have  upon  integration  by  parts 


Thus,  equation  10-6  may  be  written  in  the  form 


•  ^  > 
j-  id 


r'i 


ytf  h 


(10-7) 
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The  complete  solution  of  equation  10-7  is  the  sum  of  a  particular  inte¬ 
gral  and  the  complementary  function.  A  particular  integral  of  equation  10-7 
is  (refer  to  equations  3-16  and  3-17  of  section  III) 


We  now  find  the  complementary  f’>nction,  i.e.,  the  solution  of  equation  10-7 


(10-8) 

We  write  equation  10-8  in  more  convenient  form  by  a  change  in  the  independent 
variable,  y,  according  to 

x  =  bed.1/2  v2  (10-9) 


and  define  a  constant,  y,  by 


Y 


bod1/2  (jjj  -  1)  . 


We  consider  the  fourth  term  on  the  left-hand  side  of  equation  10-8  with 

x  =  b^i1/2  y2  ,  dx  =  bod 1  /2  (2y)  dy ,  ^  > 

and  lower  limit:  when  y  =  0,  x  =  0.  We  formally  write  x  =  x  when  y  =  y  for 

the  upper  limit  of  integration.  The  actual  relationship  is  x  =  bcti  '  y" 

when  y  =  y.  Thus, 
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.  1  V 


*1 


JluT, 

d'i 


H 


.i  v(v 

L  *  V 

L^l 


4^5.  fllK 

ctx 


and  equation  10-8  may  be  written  as 


i.  %  +  i.V(i-^W  +  iV-^.  f  x  Jur, 

1  n  v  1  Jo  e 


^  o 


or 


+ 


(10-10) 


In  equation  10-10,  the  product 


bai1  2 
i3a2b2 


i3a2(l  -  b2)wj  =  -  bai1  2  (^7~)wl  =  “  bai1  2  (pr  -  l)wj  =  - 


ywi 
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Now  we  shall  consider  the  derivative  terms  in  equation  10-8.  From  the  rela- 

dwi  dwi  dy  ,  dwi  dwi  dx  , 

tion  —7-  =  —7-  •  -f-  we  have  — r*-  -  —7*-  •  7—  and 

dx  dy  dx  dy  dx  dy 

d2wi  _  ,dwi_,  d2x  ,  dx.  d2wi  dx  _  dwi  d2x  d^i  .dx. 2 

dy2  dx;  dy2  'dy'  dx2  dy  dx  dy2  dx2  'dy' 

From  x  *»  boi1^2  y2,  ^  *  bai1^2  (2y)  *  boi1^2  (2)  the  quantity, 

d2wi  1  dwi 

dy2~  *  y*  ^dy~^  *  3(luati°n  10-10  may  therefore  be  written  as 


<ijtf  +  c  1 

j  wijA  _  j  j 

i\  \  +  cl'uJ-, 

(<£\\  J 

oluJ,\ 

V 

*  <** ' 

1  JlX' 

A<*i)  1' 

V  a1  J 

it 

_  M  ( 
‘  It  ' 

xiM)  *  A? 

'  lx’ 

:^ViT 

* 

.Vx  p 
.t  oLV' 

.V 

-  U-  i 

*1  -to  , 

4  t  *  ^  « 

i  ur, 

Ji  + 

*+  (j 

Iy'~ 

=■ 

M  «U 

Jy 

_ \  dTuJ, 

t  <L^\  ,y 

d  y 

’  K.  0  , 

4  l  V  A 

«/  uJ, 

-*) 


?02 
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Thus  equation  10-10  may  be  written  as 


•  I* 


Again,  for  convenience,  we  substitute 


v  *  x 


dwi 

dx 


in  equation  10-11  and  obtain 


4  ^  (v)  -  yw! 


-i: 


v  dx  =  0 


(10-11) 


(10-12) 


To  eliminate  the  integral  sign  in  equation  10-12,  we  differentiate  throughout 
with  respect  to  x  and  obtain 


4  t  ( -  "n  (  -  u-  ^  o 

Ix\  dLy.  )  \  J.X  I 


J04 


This  is  Whittaker's  form  of  the  equation  for  the  Confluent  Hypergeometric 
Function.  We  compare  equation  10-13  with  the  general  form  of  the  equation 
in  Whittaker  and  Watson,  page  337,  338. 


(10-14) 


Identifying  the  symbols  used  in  equations  10-13  and  10-14,  we  find  that 
W  ■  v,  z  *  x,  k  •  -  (y/4) ,  m  ■  1/2  and  the  solution  of  equation  10-14  is  of 
the  form 


in  the  notation  of  Kummer  modified  by  Barnes.  Thus, 
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and  therefore 


The  second  solution  of  equation  10-13  is  not  required,  since  dw^/dy  =  0  at 
y  =  0.  Therefore,  the  solution  of  equation  10-12  is 


and  the  value  of  C2  must  be  determined  by  substitution  in  equation  10-12. 
If  this  is  done,  we  find  that  C2  =  (4/y)C1  and 


uT 


o 


(10-15) 


Defining  a  new  variable 


sJ 

O 


(10-16) 


by  analogy  with  equation  2-18,  the  solution  of  equation  10-10  satisfying  the 
boundary  condition  W[  =  0  at  y  =  1  may  be  written  as 


left’*)  ) 

2.^0] 

(10-17) 
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The  expression  for  the  average  velocity,  wj ,  is 


r1 


at  any  point  y  =  r/R  along  the  radius  Changing  variables  from  y  to  x 
according  to  x  =  bai1^2  y  ,  dx  =  bai^2(2y)  dy,  dx/(2bci1^2  y)  =  dy  and 
limits:  y  =  0,  x  =  0;  y  =  1,  x  ■  bai1^2(l)2  =  bed.1/2,  the  average  velocity, 
wj ,  taken  over  the  entire  cross  section  from  y  =  0  to  y  =  1  or  from  x  =  0  to 
x  =  bod1/2  is 


o 


Combining  equations 


V- 


N.'R  ,  _  l.  ( A 
ifl  Z.( 


(10-17) 


■4  a 

t  o(  V- 


and  U-T 


i*  d  tr 


r 


o 


uJj  cl  X 


107 


we  have 


i'U 

5t  -  _ ! _  f  ftiR1  [  .  _  Z.  h,  x’)  1  j* 

iv> ^  I  c/ia'C'-^H  lo  (TS , t)  J 


i  jJd'(i-l') 


MZ 


Z.M 


iU 


f  z.  (:>.«)  z 


(10-18) 


bed1/2 


In  the  integral 


Z  (Y^bail/2)  dX  aPPearing  in  ecluation  10-18, 


we  let 
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Thus,  according  to  the  formula  for  integration  by  parts,  we  obtain 
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A, ft 


o 


Cyj  A1  ( I  - 


Z,(-i,At~l 
A  (i. 1 '*«*-) 


(10-19) 


where 


Jll 


THE  INTERACTION  VELOCITY  WHEN  THE  STEADY  STREAM  VELOCITY  IS  EQUAL  TO 
THE  WAVE  VELOCITY 

As  an  approximation,  we  set  b  ■  1  in  the  earlier  relation  b2  =  2wq/c 
when  the  damping  is  very  small,  i.e.,  when  the  axial  velocity  of  the  steady 
stream,  wo  (wo  *  2  wo)  equal  to  the  pulse  wave  velocity,  c.  Note  that 
when  b  *»  1,  we  cannot  use  the  result  obtained  in  equation  10-19  because  of 
the  factor  (1  -  b2)  in  the  denominator.  So  we  start  with  the  original  equa¬ 
tion  (10-10) ,  set  b  ■  1  and  obtain 


(10-20) 


We  note  that  a  particular  integral  of  equation  10-20  is  no  more  a  constant, 
as  was  obtained  earlier  for  equation  10-10  where  a  particular  integral  was 

wi  =  — b2T  =  constant*  If  >  Instead  of  the  earlier  substitution, 

x  =  bai1/2  y2,  in  equation  10-10  we  now  change  the  independent  variable  in 

cii  3 /2 

equation  10-20  according  to  x  =  — 2 —  Y^  >  we  have  the  following  re  ilts  from 
equation  10-20.  From  the  first  two  terms  on  the  left-hand  side  of  equation 

lote 

,ai3/2 


ai3/2  , 

10-20,  note  that  with  the  change  of  variables,  x  =  — r —  y% 


dx  =  (- 


-)  (2y)  dy,  we  have 
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For  the  third  term  on  the  left-hand  side  of  10-20  we  have,  with  the  change 
in  variables, 


1 


o 


For  the  limits  of  integration,  we  formally  write  x  =  x  when  y  =  y.  me 

si3'2  .2 


actual  relationship  is  x 


y2.  Thus,  equation  10-20  may  be  written  as 


(10-21) 


313 


dwi  dV 

To  simplify  the  form  of  equation  10-21,  we  write  x  —  =  -7- 

QX  uX 

and  obtain 


Jy  ( 

'  4^1  .  f  4l  H 
>  A.%  j  +  J  dy. 

0 

i  t  l%d*^ 

or 

ii  +  m  . 

_  It 

(10-22) 

Jin'-  ■ 

•  Vi  ,  || 

XL  d.  h* 

together  with  the  initial  cor  iions : 


The  solution  of  equation  10-22  may  be  written  in  the  form 


M  toi  X  +  N  X 


Applying  the  above  initial  conditions,  we  find  that 
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thus 


V(x)  =  -  _4lR -  (  |  -  CxrfoA 

O  LfXrJ  kl  \  ' 


(10-23) 


ll'U/l 

dwi  dV 

To  determine  wi,  we  refer  to  the  earlier  substitution,  x  -z —  =  —  ,  and 
1  dx  dx  ’ 

1  dV 

obtain  wi  »  |  —  dx.  Substituting  the  expression  for  V(x)  from  above. 


iL  ai 
\ 


UJ"  ,  -  A, if 


Xt^oCyM 


j^l  -  JLx  -  ^ 


(10-24) 


To  obtain  the  average  velocity,  , 
Vail/2 


we  start  with  the  earlier  relationship 


Wl  =  bail/2  J 

0 

that 


wj  dx  ,  substitute  the  value  of  wi  obtained  above  arid  find 


(10-25) 


This  remarkably  simple  result,  obtained  by  assuming  b  =  1,  i.e., 

2wq  =  c,  is  not  likely  to  have  any  practical  application  to  arterial  flow. 
The  only  place  where  the  steady  stream  velocity  could  approach  half  the 
pulse  velocity,  2wq  c,  would  be  in  the  thoracic  aorta,  where  inlet  con¬ 
ditions,  and  possible  turbulence,  might  well  nullify  the  entire  theory. 
Moreover,  since  c  is  always  complex,  the  condition  b  =  1  can  never  exist, 
except  as  an  approximation  when  the  damping  is  very  small. 


APPROXIMATE  SOLUTION  IN  TERMS  OF  BESSEL  FUNCTIONS 

This  approximation  considers  the  steady  stream  velocity  small  as  compared 
with  the  pulse-wave  velocity.  This  approximation  does  not  compare  the  relative 
magnitudes  of  the  velocities  of  the  steady  stream  and  the  oscillatory  flow. 
Accordingly ,  it  is  desirable  to  check  the  limiting  form  of  the  solution  of 
equation  10-18  for  b  =  (2wq/c)  -*  0;  i.e.,  for 

Y  -  bad1/2(ryr —  1)  =  ai1//2(-y)  -  b)  -*■  ®. 
b ^  b 
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When  y  is  large,  equation  10-13  reduces  to  the  normal  form  of  Bessel's 
equation 

d2v  y  ,L  n 
dx2  '  4  (xJ  v  0 


(10-26) 


with  the  solution  v  =*  x^JiC^y^x1/2)  .  Rewriting  this  result  in  terms  of 
y  as  an  independent  variable,  we  obtain 


(10-27) 


which  reduces  to  the  solution  already  known  for  b  =  0.  The  simplicity  of 
this  equation  suggests  that  we  examine  it  for  the  range  of  values  of  b,  over 
which  it  would  be  a  reasonable  approximation,  f.e. ,  for  what  values  of  y  is 
the  inequality,  y/bx  »  1,  valid.  From  the  relation  x  =  bai1'2  y2,  we  note 
that  the  maximum  value  of  y  =  r/R  is  1.  It  follows  that  the  maximum  value  of 
x  is  bai1/2.  Thus  the  inequality  y/bx  »  1  with  x  =  bai1/2  and 

Y  =  bai1/2  (jjj  -  1)  becomes 


k 


»  t 


Substituting  b2 


2wj 

c 


we  have 


]_ 

4 


( 


»  i 


or 


10 
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In  the  femoral  artery,  McDonald's  results  give  wo  =  15  cm/sec.  The 
pulse  velocity,  c,  is  not  less  than  450  cm/sec.  Thus,  for  these  conditions, 
wo/c  =  1/30*  However,  nearer  the  heart  it  is  to  be  expected  that  wq  would 
be  greater  than  15  cm/sec  and  the  pulse  velocity,  c,  less  than  450  cm/sec. 
Therefore,  practical  conditions  seem,  at  best,  to  be  beyond  the  range  of 
usefulness  of  the  approximation.  This  is  unduly  pessimistic,  for  a  closer 
approximation  may  be  obtained  very  simply  by  applying  the  method  used  in 
section  IX. 

Consider  the  earlier  equation 


+ 


,3  x 

ulT  -j-  t  ci. 

1 


(10-10) 


We  set  B2 


a2(l  -  b2)  and  write  (10-10)  in  the  form 


<1^  .  l  4ab  +. 
*  a1 


(10-28) 


Equation  10-28  includes  the  effect  of  the  oscillatory  component  exhibited 
by  the  second  term  on  the  right-hand  side.  The  first  term  on  the  right- 
hand  side  is  the  steady  stream  component.  Note  that  both  the  terms  on  the 
right-hand  side  of  equation  10-28  have  the  same  algebraic  sign.  Thus,  for 
a  small  steady  stream  flowing  in  the  direction  of  travel  of  the  pulse  wave, 
the  amount  of  oscillatory  flow  is  increased.  The  total  flow  is  reduced  if 
the  steady  stream  flows  in  the  opposite  direction.  If  we  drop  the  second 
term  on  the  right-hand  side  in  equation  10-28,  we  obtain 


‘jjj  +  L  4^'  +  i  lb  uJ  -  -  A.'R 

1  ri  '  P 

This  equation  is  the  same  as  equation  2-4,  with  8  replacing  a.  Referring  to 
equations  ?-4  and  2-5,  we  note  that  we  may  write  down  its  solution  as 

Vx 

tO,  -  Kill  f  |  _  J.(i  P>  ‘j)  )  (10-21 

1  J.  . 


317 


We  consider  equation  10-29  as  the  first  approximate  solution  of  equation  10-28. 


In  equation  10-28,  since  b2  =  (2wq/c)  <  1,  i.e. ,  the  pulse  wave  velocity, 
c,  is  much  larger  than  the  stream  velocity,  wq,  the  accuracy  of  the  first  ap¬ 
proximate  solution,  equation  10-29,  can  be  improved  by  taking  the  first  ap¬ 
proximate  form  for  wj,  namely, 


Utf  - 

t 

MiMl 
J.  ("V)  J 

forming 

oluJ, 

k,\C 

U'‘)  !■ (  ‘‘V) 

7^ 

1  1 

and  substituting  on  the  right-hand  side  of  equation  10-28.  Accordingly,  we 
note  that 
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If  we  write  W2  for  the  correction  due  to  the  presence  of  the  oscillatory 
components  in  wj ,  we  may  write  the  equation  for  W2  in  the  form 


(10-31) 
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Note  that  we  do  not  write  the  term  (-AiR2)/u  on  the  right  side  of  the  above 
equation,  since  we  have  already  taken  care  of  this  in  the  first  approximate 
solution,  equation  10-29. 

It  is  not  necessary  to  solve  equation  10-31  for  W£  and  then  determine 
v?2  because  we  can  directly  obtain  an  expression  describing  W£  as  follows. 

We  note  that  the  solution  of  the  earlier  equation 


d  %/ 

dr 


>  dV 

1  *1 


where 


iM  -  fd)  ^  ^ 


and  f(y)  is  a  known  function  of  y,  is 


1/M 


r 


r-» 


_L 

•  3,* 

l  ck 


I,,  j.o-V 


Id)  d 


By  analogy,  the  solution  of  equation  10-31  may  be  written  as 


I 
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In  equation  10-33  we  use  the  well-known  result 


and  obtain 

S  .  (  C  V  A,  ft  \  [/  x  \ 

v iy/i  l\ eyJ  i^ft) 

-  1  /  Jx  ( ^ 

3  1  J0  ( 1  */i)  J0 

+  j, ( 

j.  ^  J.  J 
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The  value  of  W2  at  the  tube  wall  is  obtained  by  setting  y  =  (r/R)  =  1  in  the 
above  equation.  Thus 


X}S%  mM ft) 

J  (A)  J.  (Lv>) 


(10-34) 


Expressing  J3  in  terms  of  J2  and  Jj  by  means  of  the  recurrence  formula 

J  (z)  =  —  J  (z)  -  J  .  (z) 
n+1  z  n  n-1 

we  have  fo*  n  =  2 


J3(z)  =  -  J2 (z)  -  J 1 (z) 


Accordingly,  the  bracketed  portion  of  equation  10-34  may  be  written  as 
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Thus  we  may  write 


•iY-i-  ilVii 

J./U>  5  Jo/ 


In  the  above  equation  the  expression  in  brackets  may  be  further  reduced  by 
expressing  J2  in  terms  of  Ji  and  Jq  according  to  the  relation 

J2(z)  =  \  Ji(z)  -  J0(z) 

and  introducing  the  modulus  and  phase  form  for  Ji/Jq.  We  note  that 
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2 

Using  the  relation  J2<z)  -  —  Jj(z)  -  Jq(z)»  the  form  above 

z 

h\  3xJ±  \  J.  -/4  \J,X 

M  j.  b)  j.  ' b|  Jo  (3i>)  x  13  >  j: 

may  be  writtei.  as 
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then  the  last  form  above  may  be  written  as 


It  can  be  shown  that 


the  expression 


(10-35) 


is  equivalent  to  the  expression 


If  there  were  no  damping  of  the  pulse  wave  in  transmission,  then  the 
pulse-wave  velocity,  c,  would  be  real  and  the  effect  of  substituting  8  for 
a  in  the  Bessel  functions  could  be  calculated  from  the  available  tables. 
Since  c  is  complex,  the  Bessel  functions  are  no  longer  functions  of  i3/2, 
but  of  a  general  complex  argument. 

If  ci  is  the  measured  velocity  of  the  pulse  wave,  then 

b2  =  2wo.  „  2wo  .  cj_  =  2wo.  .  cj,  .  C£  =  2wq.  .  (c^}  .  (ck 

c  Ci  c  Cj  c  c0  Cl  c  c0 

,2m.  (X-  n)(i) 

Ci  X  ci  X 

Now  g2  =  ot2(l  -  b2)  and  if  we  write 

g02  =  ct2(l  -  ^1) 
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then  P 

AT 


-  =  u 


I.  ij±L° 

C, 


•  ('-  S1  ’ 


j  •+  — ?  to  first  order  in  2wo/ci 

Ci 


-  »♦ *#  - r  -  *\i£) 


i  +  ^  -  *■— °  ( i  -  ^ .  t  y y 

c«  C(  ^  x  /  c*  V  x  A  c< 


/  f  +  i  (  ^)Y 

C  r  \  I  'C7~  +■  terms  containing  in 


in  the  denominator  to  be  neglected. 
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Thus, 


+  Ll  't 
'  c«  /  X 


to  first  order  in  2wq/ci, 


*  -M1*  Wt'_ 


If  the  quantity  2wq/c  is  small,  it  is  possible  to  derive  an  approxi¬ 
mation  in  terms  of  known  functions  by  using  the  well-known  formula 


■IN  •  K'4‘) 


(10-37) 


From  equation  10-37  we  have 


for  n  =  0, 


J.H  -  |o  [('-#) 


330 


for  n  =  1 


j 


In  the  earlier  relation 


A  --  A 


i  + 


l 


V 


’/x 


we  write 

'X*  ^ 


1  + 


i  (  V 
'  c<  /  X 


Thus,  6  =  6 o ^ »  *  =  S / 3 o  »  an<*  Xz 

(^-^)22  »  i(^)(|)z2. 

i.  cj  X 


Or- )  z  .  Moreover,  1  -  X2  =  i  ^2-  I  ancj 
»0  C]  X 
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Now  we  consider  the  term  Mjg’CfJ)  eiei®  ^  appearing  in  the  expression 
(10-36).  We  note  that 

LC('4) 

>)£ 


We  wish  to  write  the  right-hand  side  of  this  equation  in  terms  of  the 
parameter  So* 

From  '.ne  relation  (K  =  I  +"  ^ 


we  note  that  when  the  imaginary  part  Y  =  0,  i.e.,  when  damping  of  the  pulse- 
wave  is  absent  and  c  is  real,  8  =  Sq*  Thus,  when  Y  =  0, 


as  the  first  term  in  the  expansion  of 


in  powers  of  Y 


l  Jo  (i.  fi)  J,  (^i%) 

where  Y  is  small.  The  other  terms  in  the  expansion  of  ~TT.  J  yj  T 

i  '  A  Jo  hft) 

are  given  in  equation  10-38. 
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For  convenience,  let  us  denote  the  function  of  Si3/2, 


f‘ei3/2)  ■  .  It  follows  that 

1  W  /  j,  V 

| '( i\)  M iMQ  +  i Jo) 

'  l*/& 

Consider  the  Taylor  series  expansion  f(x)  =  f(a)  +  f'(a)[x  -  a] 
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Thus,  the  expansion  of  1  -  3^3 /2jq (813/2)  may  he  written  iQ  the  form 


Putting  all  these  facts  together,  we  write 


We  shall  now  obtain  an  expression  for  the  average  fluid  velocity,  w,  and 
correct  to  first  order  in  2wq/c  by  combining  the  two  expressions  (10-36)  and 
(10-38).  Since  the  expression  (10-36)  is  itself  a  first-order  correction, 
it  will  be  sufficiently  accurate  to  write  6o  f°r  8  in  it*  Thus  the  corrected 
average  fluid  velocity  may  be  written  in  the  form 

dr  -  UT  +  -  A,T?  f  M10MG  +  (  r  (10-39) 

'  i  £/*  l  v  ‘  7  j 
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Table  XI  is  a  table  of  S jq (Bo)  for  0  =  8q  =  10  at  intervals  of  0.05. 

The  first  four  columns  give  the  real  and  imaginary  parts,  and  the  modulus 
and  phase  of  Sio(flo)»  in  that  order.  The  last  two  columns  are  the  real 

the  quantities  C  and  D  of 
m  m 

section  II,  equations  2-55  and  2-56. 

For  the  experimental  results  of  McDonald,  which  have  been  previously  used 
as  an  example,  the  steady  component  of  the  average  velocity  is  15  cm/sec. 

Only  part  of  this,  however,  is  generated  by  the  steady  component  of  the  pres¬ 
sure  grauient.  As  was  shown  in  section  IX,  1.7  cm/sec  of  this  steady  com¬ 
ponent  of  the  average  velocity  is  caused  by  interactions  between  the  harmonic 
terms,  leaving  13.3  cm/sec  generated  by  the  pressure  gradient.  If  we  assume 
the  pulse  velocity  to  be  450  cm/sec,  we  obtain 

2a  .  0.06  -  and  ^  ^  . 

From  a  succession  of  trial  values  of  8q ,  therefore,  we  calculate  the 
real  and  imaginary  parts  of  the  expression 

”  Fio(6o)  +  0*06  Sio(&o)} 

from  table  VIII  of  Womersley  (1958)  for  each  of  the  four  harmonics.  Using 
these  real  and  imaginary  parts  as  our  values  of  and  in  equation  2-57, 

we  find  the  value  of  £5q  for  which  the  combined  oscillatory  terms  will  be 
equal  and  opposite  to  the  steady  velocity  at  the  observed  point  of  flow 
reversal.  In  McDonald's  experiment,  this  observed  point  was  at  125°  of 
the  cycle.  The  best  fit  at  this  observed  point  was  given  by  6q  =  2.5,  cor¬ 
responding  to  a  =  2.58.  The  coefficients  of  the  Fourier  series  for  w  are 
given  in  table  XI. 

In  figure  56  we  compare  these  calculated  values  with  McDonald's  observed 
values.  The  ordinates  in  this  figure  are  in  flow  units,  obtained  by  multi¬ 
plying  the  coefficients  in  table  XI  by  the  cross-sectional  area,  the  value 
of  R  taken  being  the  same  as  that  assumed  by  McDonald,  i.e.,  R  =  1.5  cm.  The 
fit  to  the  observations  is  not  improved  much  by  using  the  "exact"  solution. 
Except  for  a  slight  increase  in  diastolic  flow,  as  good  a  fit  can  be  obtained 
by  using  the  simple  theory  with  a  =  2.7.  See  figure  56. 


and  imaginary  parts  of  1  -  g^j"7g^j[T/2')'  i*6* 
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TABLE  XI 


THE  COEFFICIENTS  OF  THE  FOURIER  SERIES  FOR  w 
CORRESPONDING  TO  THE  FIRST  FOUR  HARMONICS 


Harmonic 

1 

2 

3 

4 

Q  ml  /sec 


Coefficient  of 
cos  nt 

21.81 

-25.97 

-9.73 

-0.28 


Coefficient  of 
sin  nt 

20.74 

18.81 

-8.66 

-3.18 


7 


Figure  56.  Variation  in  Flow  Over  One  Cardiac  Cycle  in  the 
Femoral  Artery  of  the  Dog. 

Full  Line:  Calculated  from  the  first-order  approxi¬ 

mation  to  the  "exact"  solution  with  a  =  2.5. 

Broken  Line:  McDonald's  observed  values. 
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THE  APPROXIMATE  SOLUTION  AND  THE  FREQUENCY  EQUATION 

If  we  substitute  the  approximate  solution  for  the  corrected  average 
velocity,  w,  in  the  frequency  equation,  the  reduced  determinant  would  have 
the  form 


1  “  ’J'loC&o)  2 

1  x 

-i©  -  j  i|»io (Bjj)  -ax 


1 

1  +  ax 

k  -  x  +  iO 


=  0 


(10-41) 


where 


1  -  ♦iq(Bo)  =  1  -  Fio(Bo)  +  (^)Sio(Bo) 


'10-42) 


and  0  =  h  <ir>  ^  (10-43) 

The  last  term,  0,  above,  represents  the  viscous  drag  due  to  the  steady  stream. 
Note  that  the  value  of  0  is  small  over  the  range  of  values  of  a  which  are  of 
interest.  For  example,  in  the  femoral  artery, 


a 


2 


7  *1.1 

*  Ai  8 


and 


^  =  0.03 


1  Ao 

so  that  0  <  .  Even  in  the  thoracic  aorta,  assuming  the  values  —  =  1, 

=  7-  ,  we  find  that  0  <  ,  since  a2  -  100. 

C  4  XUU 

If  we  use  the  same  method  as  in  section  III,  for  reduction  of  the  above 
determinant,  we  obtain  the  quadratic  equation 


where 


G" 


H" 


(1  -  a2)x2  -  2G"x  + 

1  +  i  -  »  -  !6(i  - 

1-4-10  2 

1  +  2k 
1  -  *10 


H"  =  0 


+  a 


1 

4 


+ 


10 

2 
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For  o  =  1/2,  the  effect  of  the  term  10/2  in  the  expression  for  G" 

(leaving  aside  the  substitution  of  ^10 (Bo)  for  which  is  discussed 

below)  will  be  to  reduce  the  imaginary  part  of  G",  and  therefore  to  reduce 
the  damping  of  the  wave  in  tranrmission,  if  the  steady  stream  is  in  the  same 
direction  as  the  velocity  of  propagation.  If  the  steady  stream  is  in  the 
opposite  direction,  damping  will  be  increased.  In  the  limiting  condition 
of  heavy  loading  and  very  stiff  constraint,  (k  -®) ,  the  viscous  drag  of 
the  steady  stream  will  have  no  effect,  as  might  be  expected. 

The  effect  of  substituting  i|»io(3)  for  Fio(a)  in  the  frequency  equation 
may  be  studied  as  follows  for  the  limiting  condition  of  heavy  loading  and 
very  stiff  constraint.  When  k  -*•  -®,  corresponding  to  the  earlier  relation, 
x  *  2/(1  -  Fiq)  ,  we  write  x  *>  2/(1  -  if/jo)  so  that 

(1  -  a2)(l  -  -^0.) 

(1  -  a2)  f - -  (10-44) 

1  -  Fiq(So)  +  (~ ^)Sio(8o) 

'-1 


From  equation  10-45  we  may,  as  in  section  III,  calculate  the  ratio  of  the 
wave  velocity  to  that  of  the  perfect  fluid,  c^/cg,  and  the  attenuation  factor, 


exp 


x 


The  variation  of  c i/cq  for  the  particular  value  a  =  1/2,  k-*-“  and 
2wq/cj  =  0.06  (as  in  McDonald's  experiment)  is  shown  in  figure  57,  with  the 
corresponding  plot  for  a  =  1/2,  k  with  no  steady  component  for  compari¬ 

son.  We  observe  that  the  presence  of  the  steady  stream  raises  the  wave 
velocity  by  6%  to  8%. 


The  variation  of  exp 


[- 


]  with  respect  to  a  is  shown  in  figure  58. 


We  observe  that  the  damping  of  the  wave  in  transmission  is  practically  un¬ 
changed  by  the  presence  of  the  steady  stream.  It  appears  to  be  very  slightly 
increased.  This  effect  is  opposite  from  that  predicted  by  Morgan  and  Ferrante 
(1955)  but  in  view  of  the  widely  different  conditions,  is  not  in  conflict  with 
their  conclusions. 


339 


Figure  57.  Comparison  of  variation  in  wa\e  velocity  with  a  for  a  steady 
stream  of  axial  velocity  6/6  of  the  wave  velocity  with  that 
for  no  steady  stream. 
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Figure  58,  Comparison  of  the  amount  of  damping  in  transmission, 
in  presence  and  in  absence  of  a  steady  stream. 
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For  larger  values  of  the  factor  2wq/c,  this  very  simple  approximation 
breaks  down,  and  there  would  seem  to  be  no  alternative  to  a  full-scale  tabu¬ 
lation  of  the  required  solutions  of  the  Confluent  Hypergeometric  equation 
aid  an  attack  on  the  problem  in  full  generality.  Before  this  can  be  con¬ 
templated,  we  need  measurements  of  the  comparative  magnitude  of  the  steady 
and  oscillatory  components  of  flow  in  the  major  arteries,  together  with 
accurate  measurements  of  pulse  velocity  over  short  distances,  in  order  to 
delimit  the  ranges  of  the  parameters. 
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